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Abstract. The Miiller-Breslau closed-form solution for the active earth pressure coeffi-
cient Ka(p, a, B, 0) remains the standard design tool for cohesionless backfill, yet its param-
eter domain is documented only fragmentarily and the error of its planar failure-surface
assumption is rare-ly isolated from other sources of discrepancy between calculation meth-
ods. This study maps the admissible domain over the practical range of soil friction angles,
@ = 20-45° and wall inclinations a = -20° to +20° and quantifies the planar-surface error
in a unified computa-tional framework. Direct numerical maximization of the Coulomb trial
wedge, formulated with the admissibility conditions p < 90° + a and R > 0, reproduces the
closed form to within 0.015% over 8 970 parameter combinations, so that the difference from
Sokolovski's method of characteristics measures the planar failure-surface error alone. This
error is governed primarily by the wall inclination rather than by wall friction: its median
does not exceed about 1% for vertical walls and for a = +10° but reaches 6.6—16% at o. =
—20°, locally above 30%, consistently on the unsafe side - a finding verified independently
by a rotational log-spiral upper-bound mechanism. The results are condensed into applica-
bility maps divid-ing the parameter space into safe, caution and significant-error zones, and
a step-by-step de-sign procedure with a worked example shows how the maps are used to
decide whether the closed form may be applied directly or must be replaced by a rigorous
solution.
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MIOJUIEP-BPECJIAY BEJICEH/1 TOIIBIPAK KbICbIMbIHBIH
KOYOOUHUEHTI: KOJIAAHBLITY AUMATBI 7KOHE KA3bIK
CBbIPFAHAY BETIHIH KATEJIIT'TH CAHABIK BAT'AJIAY

A. Anncknn' @ | K. Mockanosa! @ | M. Opemkosnu! @ | I11.K. Kapacos?* @

!Contycrix Yuusepcureri, 42000, Bapaxun, Xopparus
2J1.H.I'ymunes atbiaaarsl Eypasus ynTTeiK yHusepcuteTi, 010000, Acrana, Kasakcran

Anparna. Mwonnep-bpecnayoviy scepoiny bencenoi Kpicblm K03ppuyuenmine apHaneau
arcabwiy mypoeci epimindici Ka (p, o, p, 0) Koeesuscviz moamuipyovl iobanayowiy
cmanoapmmsl Kypaivl 001uin Kaia Oepeodi, 0e2eHMeH OHblH NApAMempiiK 0OMeHi meK
ppazmenmmix mypoe KYoHCamman2aH HeaHe OHblH Kamelliei HCa3blKmblKmMbly iCIeH Wbleybl-
bemmixk 6ondicam ecenmey 20icmepi apacvlHOAevl CaKecci30iKmiy 6acKka Ke30epineH cupex
oxkwaynanean. byn sepmmey monvipakmuly ylikenic OYpuluumapvinbly NPAKMUKALbIK
ouUanazouviHOazel pykcam emineed 0omenoi, ¢ = 20-45° scone xabwvipearapoviy o = -20°-
man +20° - Ka Oeulinei OetliMOiNiKmepin Kapmaza mycipeoi HcoHe HCA3LIKMbIK-Oemmik
KameHi Oipvineall ecenmey Jicyliecinoe canHovlKk mypoe anvikmauovl. Pyxcam emineen
wapmmapmen  myaxcolpvimoanzan  Kynonovix cvlnax —colnaceinvly mikeneu  CaHOblK
maxcumusayusicel p < 90° + o owcone R > 0, owcabwix niwinoi 8 970 napamemp
komounayuscoinan  0,015%  wezinde  kebeumeodi, Ocviratiwia  COKONOBCKUUOIH
cunammamanap 20iCineH aublPMaUbLIbIEbl MEK HCAZLIKMbIKMARbL AKAYIblK-0emmiK KameHi
onwetioi. byn xame, ey anovimen, Kabvlpanvly YuKeniciHe emec, KAOblpeaHvly Konbeyine
OauIanbICmol: OHbIK MEOUAHACHl MIK Kabvipanap yulin wiamamer 1%-0an acnaiiovl stcone
a = +10° 6ipax o = -20° ke3zinoe 6,6 - 16%-ea scemedi, sncepeinikmi deneetioe 30%-0an
JHco2apuvl, MYpaKmol mypoe Kayinmi sHcagelH0a-0yn Homudice auHAIMAaibl HCYPHAI-CRUPATL
Mmapi30i HcO2APebl UleKapa MexaHusmMiMern mayeiciz mekcepinedi. Homuowcenep napamvemp
Kenicmicin Kayincis, cakmolk JicoHe eneyii Kamenikmep auMakmapvlHa 061emin KOJLOAHY
Kapmanapwlia HCUHAKMAIAObL HCIHE HCYMBIC ICMeNn MYPEaH MblCAIMEH KAOaAMObIK HcoOaNay
npoyeodypacsl Kapmanapowvly Hcabvlk NiuiHOI mikenel Koa0awyea OONAMbIHLIH HeMece
Kaoicem eKeHiH wewly YwiH Kanat naudaiaHblIamblHblH Kepcemeoi. Kamay uweuiMmeH
aybICMuIPLLIAOLL.

Tyitinai ce3nep: bencendi monvipak Kvicvimul, Mrwonnep—bpecnay gopmynacel, Kynon
CblHACDL, cunammamanap a0ici, mipey Kabvlp2acsl, wekmix mene-meHoix.

* ABTOP-KOPPECHOHAEHT
HIsiarbic ZKapacoB, e-mail: zhshzh95@gmail.com

208
https://doi.org/10.51488/1680-080X/2026.3-12



https://doi.org/10.51488/1680-080X/2026.3-12
mailto:zhshzh95@gmail.com
https://orcid.org/0000-0002-9941-1947
https://orcid.org/0000-0002-2543-9154
https://orcid.org/0000-0001-5684-0496
https://orcid.org/0000-0002-0468-8362

Bulletin of the Kazakh Leading Academy of Architecture and Civil Engineering. Ne3 (101), 2026. Architecture & Construction

YK 624.04
MPHTH 67.03
HAVYYHAA CTATBHA

KOPPUIMUEHT AKTUBHOI'O JABJIEHUSA 'PYHTA MIOJI-
JIEPA-BPECJIAY: OBJIACTb IPUMEHUMOCTHU U KOJINYE-
CTBEHHAS OLIEHKA NOI'PEINHOCTH IIJIOCKOH IOBEPX-
HOCTHU CKOJI’KEHU A
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"Yuusepcurer Cesep, 42000, Bapasxaun, Xoppatus
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Aunotauus. 3aumxHymoe  peuwenue  Mrwanepa—bpecray — Ons onpeodeneHus
Koappuyuenma axmue-noeo oasnenus na epynm Ka(p, a, p, 6) ocmaemcs cmanoapmHuim
UHCIMPYMEHMOM NPOEKMUPOBAHUsL DE3HANOPHOU 3ACHINKU, OOHAKO 001acmb €20 Napamempos
3A00KYMEHMUPOBAHA UL (PPAsMeHMapHo, A OuUOKA, CBA3AHHASL C NPEONON0NCEHUEM O
NJIOCKOU NOBEPXHOCMU  pPA3PYUEHUs, PEOKO U0AUpPYemcs om Opy2ux UCMOYHUKOS
PACX0ACOEHULl MeHcOy HUMU. Memoobl pacdema. Imo ucciedosanue omoopasjicaem
0oNnycmumy!o 001acms 68 NPAKMUYeckoM OUanaszone y2no8 mpenus o epynm ¢ = 20-45° u
Haxnonos cmern o = om -20° 0o +20° u koruuecmeerHo onpeodensiem nOcPeutHoCmsd NIOCKOU
NOBEPXHOCMU 6 eOUHOU GbIYUCIUMENbHOU cucmeme. lIpamas ducieHnas MaxKcuMusayus
KVJIOHOBCKO20 NPOOHO20 KIUHA, pa3pabomanHozo ¢ yiemom yciogutl donycmumocmu p < 90°
+ a u R > 0, socnpouszsooum 3amxuymyro ¢hopmy ¢ mounocmwvio 0o 0,015% ona 8 970
KOMOUHAyuti napamempos, maxk 4mo omiauyue om memooa xapaxmepucmux CoKon108cko2o
usmMepsemcs — MoabKO — NOSPeUHOCMbIO  NIOCKOU — NOBEPXHOCMU  pas3pyuilenus. IOma
NoCpeuHoCmy Onpedensemcs 8 nepeyio ouepedb HAKIOHOM CMEHbl, d He ee mpeHuem. ee
cpeonee 3HaueHue He npesviuiaem npumepHo 1% ons eepmukaibHuvlx cmeH u npu o, = +10°,
Ho Oocmueaem 0,6-16% npu o = -20° nokanvHo npesviwiaem 30%, NOCMOAHHO Ha
HeOe30NACHOl CMOPOHe - NOOMBEPHCOCHHBIU Pe3Ylbmam He3asUCUMo Opye om opyea ¢
NOMOWBIO  8pAYAIOWe20Csl OPeseHUAmMO-CRUPAIbHO20 MEeXAHU3MA 6epXHe20 nepenjiemd.
Peszynomamei ceedenvl 6 kapmei npumenumocmu, pasoensiouue npocmpancmeo napamempos
Ha 30HbL 0Ee30NaACHOCMU, OCMOPONCHOCMU U 30HbI CO 3HAYUMETbHLIMU OWUOKaMU, a
nowtazosas npoyeoypa npoeKmuposanus ¢ npopabomaHHblM NPUMEPOM NOKA3bI8Aem, KAK
IMU KApmvl UCNONb3VIOMCA OISl NPUHATUSL PEULEHUSL O MOM, MOJCEeMm iU 3aKpblmas Gopma
NPUMEHAMBCS HENOCPEOCMBEHHO UNU OOIHCHA ObIMb 3aMEHeHd CIPOUM PEeULeHUEM.

KitroueBble c1oBa: akmugnoe daenenue epynma, gopmyna Mwonnepa—bpecnay, knun Ky-
JIOHA, MemoO0 XapaKkmepucmux, NOONOPHAsL CNeHd, npedelbHoe pasHosecue.

* ABTOP-KOPPECIOHACHT
I siarbic ZKapacos, e-mail: zhshzh95@gmail.com

209
https://doi.org/10.51488/1680-080X/2026.3-12



https://doi.org/10.51488/1680-080X/2026.3-12
mailto:zhshzh95@gmail.com
https://orcid.org/0000-0002-9941-1947
https://orcid.org/0000-0002-2543-9154
https://orcid.org/0000-0001-5684-0496
https://orcid.org/0000-0002-0468-8362

Bulletin of the Kazakh Leading Academy of Architecture and Civil Engineering. Ne3 (101), 2026. Architecture & Construction

1 INTRODUCTION

The determination of active earth pressure on retaining structures is one of the oldest problems
of soil mechanics, and the wedge solution of Coulomb [1] remains its most influential formulation.
Its generalization to an inclined wall, sloping backfills and wall friction, given in closed form by
Miiller-Breslau [2], is today the standard design tool for cohesionless backfill and is embedded, in
identical or lightly modified form, in Eurocode 7 and in numerous national standards. The formula
expresses the active earth pressure coefficient K, as an explicit function of four angles - the soil fric-
tion angle @, the wall inclination a, the backfill slope B and the wall friction angle § - obtained ana-
lytically from the stationarity condition of the thrust with respect to the inclination p of a planar trial
failure surface.

Two distinct questions accompany any closed-form limit-equilibrium solution: over what pa-
rameter domain is the expression valid, and how large is the error introduced by its mechanical ide-
alization? For the Miiller-Breslau formula, both questions have been answered only fragmentarily.
Individual algebraic restrictions - such as the requirement § < ¢ for the radicand to remain non-neg-
ative — are stated in textbooks [3-4] but a systematic mapping of the complete admissible domain in
(a, B, 8) space, distinguishing algebraic boundaries, degenerate mechanisms and mechanical limits,
is to the authors' knowledge not available. The practical need for such a map is real: design situations
combining steep backfill, inclined walls and high interface friction routinely approach the domain
boundaries, where the formula remains formally computable while the under-lying wedge mechanism
degenerates. Beyond its research value, such a map has a didactic purpose: it allows both experienced
engineers and students to see at a glance where the closed-form solution is safe, where it degrades,
and why - reducing the risk of misapplication near the domain boundaries.

The second question - the error of the planar failure-surface assumption - has a long history.
Rigorous reference solutions for earth pressure are provided by the method of characteristics of
Sokolovski [5], whose tabulated values remain a benchmark and whose framework continues to be
applied to earth pressure problems [6], and by the tables of Caquot and Kérisel [7] and Kérisel and
Absi [8] based on log-spiral surfaces. The slip-line framework has since been extended and systema-
tized for retaining-wall problems: critical slip fields for both limit states [9], general wall inclination
and backfill slope [10], a rigorous treatment of the boundary-value structures of the solution [11], c-
¢ and seismic condition [6;12], axisymmetric and circular wall geometries [3;14] and specific wall
kinematics and arching effects [15,16]. Within the framework of limit analysis [17], kinematic (upper-
bound) solutions with rotational log-spiral mechanisms [18-19] and static (lower-bound) stress fields
[20-21] bracket the exact collapse load, and modern finite-element limit analysis provides tight nu-
merical bounds for arbitrary geometries [22]. From these comparisons it is generally accepted that
the planar assumption is benign for the active case, in contrast to the passive case, where Coulomb-
type solutions may overestimate resistance drastically for large wall friction [8;17]. However, pub-
lished comparisons typically report differences between complete computational chains — different
numerical methods, discretization’s and sign conventions - so that the contribution of the planar sur-
face itself is not cleanly isolated from other sources of discrepancy.

The present paper addresses both questions in a unified computational framework. First, the
admissible domain of the Miiller-Breslau formula is mapped over the practical range of soil friction
angles, ¢ =20-45°, covering the full physical ranges of a, B and 3. Second, the closed form is verified
against direct numerical maximization of the Coulomb trial wedge, formulated as a wedge-equilib-
rium problem with two unknown force magnitudes, subject to two admissibility conditions that are
seldom stated explicitly: the geometric cap p < 90° + a on the trial-plane inclination, and the com-
pression requirement R > 0 on the slip-plane reaction, without which non-physical solutions arise
near the singular direction p=a + 6 + ¢ - 90°, where the wall and slip-plane reactions become parallel.
The agreement of the closed form with the numerical optimum to within 0.015% establishes that the
two are computationally interchangeable; consequently, the difference between the Miiller-Breslau
solution and the method of characteristics is a pure measure of the planar failure-surface error. This
error is then quantified over the whole parameter space using a slip-line solver validated against
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Sokolovski's published tables and cross-checked by an independent rotational log-spiral upper-bound
mechanism [17;19], and the results are condensed into practical applicability maps that divide the
parameter space into a region of safe application, a region of significant planar-surface error, and the
mathematically inadmissible exterior. All results can additionally be explored through interactive web
applications provided as supplementary material [23-24].

2 MATERIALS AND METHODS

2.1 The Miiller-Breslau closed form and sign conventions
The geometry and sign conventions used throughout this paper are defined in Figure 1.

planar trial
failure surface

=

Ll AALADAT

Figure 1 — Definition of the geometry, sign conventions and forces of the Coulomb trial-wedge problem. All angles are
shown in their positive directions; the trial-plane inclination p is measured from the horizontal at the wall heel, with the
admissible range ¢ < p <90° + o [ Author's material]

The wall face is inclined at a to the vertical (positive when the soil rests on the inclined face),
the backfill surface at 3 to the horizontal (positive upward away from the wall), and the wall friction
angle J is positive when the soil settles relative to the wall. The active earth pressure coefficient is
given by Miiller-Breslau [2] as:

cos?(p—a)

K, = 2 (D
14 sin(p+6)sin(p—p)

cos(a+68) cos(a—p)

cos?a cos(a+6)

and defines the total active thrust per unit length of wall,
1 2
Py = > «YH (2)

where v is the unit weight of the backfill and H the vertical height of the wall; the factor cos?a in the
denominator of (1) accounts for the increased length of the inclined face. The thrust acts at the angle
o to the normal of the wall face, so that its line of action is inclined at (o + 9) to the horizontal and the
horizontal and vertical components follow as
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P, = P,cos(a + 6), P, = P;sin(a + 9) (3)

For o = 0 these reduce to the familiar cos 6 and sin 6 decomposition; for inclined walls the use of cos
0 alone is a common source of error, as is the confusion between Ka and the horizontal coefficient
Kan = Ka-cos(a + §) tabulated by some references. Expression (1) is real-valued only for f < ¢ and &
> —¢, with the additional requirements o + 6 <90° and |a. — B| < 90° for the cosines in the denominator
to remain positive; these algebraic boundaries are examined in the Results and Discussion.

2.2 Direct numerical optimization of the Coulomb wedge

Independently of (1), the active thrust was computed by direct numerical maximization of the
Coulomb trial-wedge problem. For a planar trial surface inclined at p to the horizontal and passing
through the wall heel (Figure 1), the equilibrium of the wedge under its weight W, the re-action R on
the slip plane (inclined at ¢ to the plane's normal) and the reaction of the wall (inclined at 6 to the
face normal) yields the thrust E(p) in closed form from the force polygon; the active thrust is P, =
max E(p). Two admissibility conditions, seldom stated explicitly in the literature, are essential for
robust numerical treatment. First, the trial-plane inclination is geometrically capped by the wall face
itself, ¢ <p <90° + a, the upper bound corresponding to the trial plane coinciding with the wall face
itself, at which the wedge enclosed between the two degenerates to zero area and the thrust vanishes.
Second, the reaction on the slip plane must be compressive, R > 0: near the singular direction p =«
+ 3 + ¢ — 90°, at which the wall and slip-plane reactions become parallel, the force polygon degener-
ates and unconstrained equilibrium admit non-physical solutions with tensile R. With both conditions
imposed, the maximization was carried out by golden-section search refined to |Ap| < 10 rad on a
dense grid over the full parameter space.

2.3 Reference solution: method of characteristics

Rigorous reference values were computed with a slip-line solver implementing Sokolovski's
method of characteristics for a cohesionless soil with self-weight [5]. The governing hyperbolic sys-
tem is integrated along with the two families of characteristics inclined at £(45° - ¢/2) to the direction
of the major principal stress, marching from the stress boundary condition on the backfill sur-face
toward the wall. Depending on the parameter combination, the solution takes one of three structures
(Figure 2): (A) a continuous field integrated by marching along the characteristics from the known
stress state on the backfill surface toward the wall, with the free parameter iteratively adjusted until
the wall friction condition is satisfied (a shooting procedure); (B) a solution containing a stress dis-
continuity; or (C) a degenerate single-zone (Rankine-type) field when the wall condition is fully con-
sistent with the surface condition. The solver was validated against Sokolovski's published tables: of
99 tabulated values spanning ¢ = 10 - 40°, 88 were reproduced within the adopted tolerance, with a
maximum deviation of 2.2% (Table 1). The mobilized wall friction is capped at the value consistent
with the characteristic field (dmob < 8), and cells at which this cap is active are flagged.

(a) Structure A — continuous field (b) Structure B — stress discontinuity () Structure C — degenerate Rankine

N %

= /)

~

~V

~/

s () stress discontinuity

Ny

SV

~

e

N Y

: K,=0.3033 K, =0.3809 2 K. =0.8454
Jmob = 15.0° Omob = 12.5° Jmob = 29.7°

e Structure A Structure B Structure C
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Figure 2 — The three structures of the slip-line field for the active case (examples for ¢ = 30°): (a) continuous field
(structure A; a = 0°, B =0°, 6 = 15°); (b) field containing a stress discontinuity (structure B; o =+10°, =0°,8 =
12.5°); (c) degenerate single-zone Rankine-type field (structure C; a =+20°, B =22.5°, & = 30°). Both characteristic
families are shown; the bold line marks the outermost slip surface [Author's material]

2.4 Independent verification: rotational log-spiral upper bound

As an independent cross-check of the characteristic’s solution, the active thrust was additionally
bounded by a rotational log-spiral mechanism in the framework of the kinematic theorem of limit
analysis [17;19]. A rigid region bounded by the wall face, the backfill surface and a log-spiral slip
surface through the wall heel rotates about a center whose two coordinates are the optimization vari-
ables; the spiral pitch equals tan ¢, so that the velocity jump is inclined at ¢ to the surface and, for a
cohesionless soil, no internal energy is dissipated. The thrust follows from the balance of the work
rates of gravity and of the wall reaction, assumed to act at the lower third of the face at the angle 3 to
its normal, and is maximized over the position of the rotation center. Since the planar wedge is the
limiting member of this family as the center recedes to infinity, the mechanism yields values Kars >
Kams, while the kinematic theorem guarantees Ka s < Kaexact for the active problem; the mechanism
therefore brackets the exact coefficient from below and provides a one-sided check on the character-
istics solution that does not depend on its implementation. The implementation was verified to repro-
duce the Rankine value K, = tan?(45° - ¢/2) to five digits in the smooth-vertical-wall limit.

2.5 Parametric grid and classification of the planar-surface error

The parametric grid covers ¢ € {20, 25, 30, 35, 40, 45}°, a € {-20, -10, 0, +10, +20}°, B from
-25° to @ - 2.5° in steps of 2.5°, and & from 0 to ¢ in steps of /12 - in total 8 970 combinations, of
which 8 705 yielded a converged characteristic solution. The count follows directly from the grid
construction: for each of the six values of @, d takes 13 values, while the number of back-fill slopes
grows with ¢ (18 to 28 values, since the admissible range B < ¢ widens); over the five wall inclinations
this gives 5 x 13 x (18 + 20 + 22 + 24 + 26 + 28) = 8 970. Of the 265 non-converged cells, 260
correspond to backfill slopes at or beyond the natural stability limit of a cohesionless slope, |B| > o,
and are therefore physically inadmissible regardless of the calculation method - notably, the Miiller-
Breslau expression remains real-valued there, since its radicand restricts only B < ¢ and not B > —¢;
only 5 cells (0.06% of the grid) represent genuine non-convergence of the characteristics solver, all
at the corner 6 = ¢@. The lower bound of the friction-angle range reflects the practical limit for genu-
inely cohesionless soils: effective friction angles below about 20° are essentially confined to cohesive
or organic materials outside the ¢ = 0 framework [4]. For each cell the relative difference A = (Kasok
- KamB)/Kamp is evaluated and the parameter space is classified into three zones: zone A, |A| < 2%,
in which the planar-surface error is below the practical uncertainty of determining ¢ itself; zone B,
2% < |A| < 5%, comparable to the margins implied by partial safety factors; and zone C, |A| > 5%, in
which the planar assumption produces a significant and - since A > 0 predominates - unconservative
error. Interactive web applications through which the complete parameter space can be explored are
provided as supplementary material.

3 RESULTS AND DISCUSSION

3.1 Equivalence of the closed form and the numerical wedge optimum

Over all 8 970 grid combinations spanning ¢ = 20-45°, the closed-form expression (1) and the
direct numerical maximization of the trial wedge described in the Methodology agree to within
0.015% (maximum relative deviation 0.0143%, median 0.0005%) (Figure 3). No parameter combi-
nation was found within the physical domain at which the stationary point of the thrust falls outside
the admissible range ¢ < p < 90° + a; the closed form and the constrained numerical optimum are
therefore computationally interchangeable, and the breakdown of the Miiller-Breslau solution occurs
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Figure 3 — Miiller—Breslau coefficient Kq(B, 8) at constant wall inclination a (example shown for ¢ = 30°), with the al-
gebraic boundaries § = ¢ and & = —¢ marked [Author's material]

exclusively at the domain boundaries, not inside the domain. This equivalence is the key that unlocks
the remainder of the paper: since the closed form is an exact evaluation of the planar-wedge model,
any difference between it and a rigorous solution measures the planar-surface assumption alone. The
behavior of K, over the (B, d) plane for successive wall inclinations is shown in Figure 3, and the
assembled three-parameter function Ka(a, B, ) in Figure 5.
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3.2 Critical failure-plane angle and the degenerate limit § approaching ¢

Figure 4 maps the critical plane inclination pcr(B, 8). As B approaches ¢ the critical plane rotates
toward the backfill surface, pcr tends to B, and the sliding wedge grows without bound while K, itself
remains finite.

o 70 3
=
S
N
10 60 3
=
g
i g
= © Numerical wedge optimum vs. 50 =
closed form: max dev. 0.015% R
| over the whole grid. 40 £
—-10"
Dashed red: p.,— f=10°
(wedge becoming infinite 30
-0 asf—q)
20

Figure 4 — Critical failure-plane inclination pe(f, 8) of the Coulomb wedge for wall inclinations o =—20°, —10°, 0°,
+10° and +20° (example shown for ¢ = 30°); the dashed red line marks the contour p.r — f = 10°, indicating proximity
to the degenerate limit p — ¢ [Author's material]
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The contour per - B = 10°, marked in Figure 4, provides a practical proximity indicator to this degen-
erate limit: beyond it, small uncertainties in B or ¢ translate into large changes of the mechanism
geometry. A second numerically important feature is the singular direction p =a + & + @ — 90°, at
which the wall and slip-plane reactions become parallel and the unconstrained force polygon admits
non-physical equilibrium states with tensile slip-plane reaction; with the constraint R > 0 imposed,
these states are excluded and the optimization remains stable throughout the domain.

1.4
1.2
- 1.0
0.8 , &

- 0.6

- 0.4

0.2

=20

0
-10 —10 6\0\

0
10
Al 0 3 30

Figure 5 — Stacked-slice visualization of the three-parameter function K,(a, B, 8) at constant @; the red plane marks the
boundary § = ¢ [Author's material]

3.3 Validation of the characteristic s solver

Table 1 summarizes the validation of the slip-line solver against Sokolovski's published tables.
Of 99 tabulated values spanning ¢ = 10-40°, 88 are reproduced within the adopted tolerance, with a
maximum deviation of 2.2%; the exceptions concentrate at ¢ = 10°, where the tabulated values are
published to two significant digits only, so that the residual deviations reflect primarily the rounding
and the coarse computational grids of the original tables rather than the accuracy of the present solver.

Table 1 — Validation of the slip-line solver against Sokolovski's tabulated active-pressure values [Author's material] / [5]

Ne o [°] cells within tolerance max deviation [%]
1 10 27 19 2.19
2 20 24 24 1.07
3 30 27 24 2.06
4 40 21 21 2.23
Total 99 88 2.23

3.4 Planar-surface error across the parameter space

Table 2 gives the median of the relative difference A = (Kasok — Kams)/Kams over the (B, d)
plane for each combination of ¢ and a; the median - the value exceeded in exactly half of the grid
cells - is reported because the distribution of A is strongly skewed by the near-boundary tail, which is
characterized separately by the 90th percentile and the maximum; Figure 7a plots the same data. Two
observations organize the entire error landscape. First, the difference is positive in 98.7% of all cells:
the method of characteristics yields the larger coefficient, so the planar assumption errs on the unsafe
side for active pressure. Second - and contrary to the common textbook emphasis on wall friction -
the governing parameter is the wall inclination a, not d. For vertical walls and o = +10° the median
error remains between about 0.5% and 1% for all ¢, fully consistent with the received view that the
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planar assumption is benign in the active case. For negatively inclined walls the picture changes qual-
itatively: at a = -10° the median rises to 2.6-4.3%, and at o = —20° to 6.6% (¢ = 20°) up to 16.0% (@
= 45°), with 90th percentiles above 20% and local values up to 35%. For a =+20° a secondary growth
appears at high ¢ (median 4.2% at ¢ = 45°), together with a small region near 6 = ¢ as 3 approaches
¢ in which the sign reverses and the Miiller-Breslau value exceeds the rigorous one (by up to 2% at
¢ = 30°, growing to 9% at ¢ = 45°) - the only conservative corner of the domain.

The distribution of the solution structures across the grid is itself informative: of the 8 705
converged cells, 5 971 exhibit the continuous field (structure A), 2 701 contain a stress discontinuity
(structure B), and only 33 degenerates to the single Rankine-type zone (structure C; Figure 2). These
cells are confined to the corner of positive wall inclination with fully mobilized wall friction (o >
+10°, 6 = ¢, B approaches @), and they correspond one-to-one with the only region in which the sign
of the planar-surface error reverses: every cell with A <-0.2% is of structure C, and every structure-
C cell has A < 0. Where the characteristic field collapses to a single Rankine-type zone, the Miiller-
Breslau solution slightly overestimates the rigorous coefficient - the only conservative corner of the
domain.

Table 2 — Median relative difference A [%] between the method of characteristics and the Miiller-Breslau solution [Au-
thor's material]

Ne 0 [°] a=-20° a=-10° a=0° a=+10° o =+20°
1 20 6.56 2.64 0.93 0.49 0.53
2 25 8.18 3.08 1.04 0.54 0.67
3 30 9.42 3.42 0.96 0.54 0.94
4 35 10.87 3.53 0.88 0.54 1.64
5 40 12.91 3.84 0.77 0.60 2.67
6 45 15.96 433 0.68 0.82 4.19

3.5 Independent verification by the rotational log-spiral bound

Because the largest differences occur in a corner of the domain where any single numerical
method might be suspected of degradation, the characteristics solution was cross-checked with the
independent rotational log-spiral upper-bound mechanism described in the Methodology. Table 3 re-
ports the three methods at representative points. The kinematic bound brackets the result from below
in every case, and the sandwich Kams < Ka s < Kasok closes to within 0.2—2%: at the most extreme
verified point (¢ = 30°, a =—20°, f =—25°, 6 = 20°), the log-spiral mechanism alone already requires
a coefficient 17.4% above the Miiller-Breslau value, against 17.6% from the method of characteris-
tics. The large planar-surface error at negative wall inclinations is therefore established by two inde-
pendent methods and cannot be attributed to solver artifacts.

Table 3 — Three-method comparison at representative points: Miiller-Breslau (planar mechanism), rotational log-spiral
upper-bound mechanism (LS), and method of characteristics (SOK) [Author's material]

N 0[] a[] B[] 5[°] - Kus Kasox (LS-MB)/MB (SOK-MB)/MB

[%0] [%]
I 20 0 0 10 0.4467 0.4490 0.4494 +0.51 +0.59
2 20 —20 —-10 10 0.2969 0.3260 0.3264 +9.82 +9.97
330 0 0 15 0.3014 0.3030 0.3033 +0.54 +0.62
4 30 —-10 —-10 15 0.2164 0.2271 0.2275 +4.94 +5.14
5 30 —20 -25 20 0.1454 0.1707 0.1711 +17.38 +17.63
6 30 —20 -25 30 0.1388 0.1680 0.1711 +21.08 +23.31
7 40 0 0 20 0.1994 0.2004 0.2005 +0.50 +0.57
8 40 -10 0 20 0.1400 0.1459 0.1465 +4.20 +4.58
9 45 0 0 22.5 0.1597 0.1604 0.1605 +0.46 +0.53

3.6 Applicability maps
The findings are condensed into the applicability maps of Figure 6, which classify the (3, o)
plane for each wall inclination into the safe-application zone A (|A| < 2%, below the practical un-
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certainty of ¢ itself), the caution zone B (2-5%), and zone C (|A| > 5%), with the mathematically
inadmissible exterior marked separately.

a=-=20"° a=-—10"

B A 1Al < 2% — safe application
B: 2% <1Al < 5% — caution
B C: 1AI> 5% — significant error
unresolved strip below = ¢
[ p=¢ (degenerate limit)

Al

Figure 6 — Applicability map of the Miiller—Breslau formula (example shown for ¢ = 30°): zone A (JA| <2%), zone B
(2-5%), zone C (>5%); grey — unresolved band between the last grid cell and B = @; crimson line — degenerate limit § =
¢. Isolated non-converged cells (5 of 8 970 over all ¢) were infilled from neighboring cells for display [Author's mate-
rial]

Figure 7b summarizes the zone-A share across all ¢. For vertical walls zone A occupies 68-78%
of the physically admissible (B, ) grid cells, depending on ¢, and for o =+10° up to 84%:; zone C is
confined to the strip adjoining the degenerate limit as B approaches ¢. For o = —20°, in contrast, the
safe zone shrinks to between 15% (¢ = 20°) and below 1% (¢ = 45°), and zone C occupies most of
the plane regardless of 6. The practical reading is im-mediate: the Miiller-Breslau formula may be
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used without correction for near-vertical and posi-tively inclined walls away from the narrow band
of the parameter plane adjacent to the degenerate limit B = ¢, while for negatively inclined walls a
rigorous method — or at minimum a log-spiral correction — is required for any friction angle.

(a) Median planar-surface error

(b) Share of safe-application zone (IAl <2%)

100
16 1 —@— a=-20" a=10"
a=-10" —— a=20"
1449 —8— a=0"
80 1 - —o
12 4
_ =
¥ 10 1 = 60
< 2
£ 34 g
g -]
E 6 é 40
sl F
20
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20 25 30 35 40 45
el°]

Figure 7 — Summary over the friction-angle range: (a) median planar-surface error and (b) share of the safe-application
zone A, as functions of ¢ for each wall inclination a [Author's material]

The results admit a transparent interpretation in the framework of the limit theorems [17]. The
Coulomb wedge is the simplest kinematic mechanism for the active problem, and its exact evaluation
- the Miiller-Breslau closed form - is consequently a mechanism-based estimate that approaches the
true coefficient from below; the method of characteristics constructs a stress field consistent with the
yield condition and, when extensible, approaches it from above the mechanism estimates. The empir-
ical sandwich Kams < Kars < Kasok observed at every verified point of Table 3 is exactly the ordering
the theorems predict, and the narrow gap between the rotational bound and the characteristics solution
(0.2-2%) indicates that both are close to the exact value. Within this picture, the 0.015% agreement
between the closed form and the constrained numerical wedge is not a new mechanical result but an
essential verification: it certifies that the entire difference reported in Tables 2-3 belongs to the failure-
surface geometry and not to the algebra or the numeric of the wedge model [23-26].

The dominance of the wall inclination a over the wall friction 6 has a simple geometric expla-
nation. For a vertical or positively inclined wall, the critical planar surface is short and the true
(curved) slip surface deviates from it only mildly, so the classical view that the active case is insensi-
tive to the planar assumption is confirmed - and now quantified at 0.5-1.0% median over the full (j,
d) plane. For a negatively inclined wall the wedge is compressed between an overhanging face and
the backfill: the critical plane steepens, the singular direction p = a + 6 + ¢ - 90° approaches the
admissible range, and the true slip surface acquires pronounced curvature to satisfy the boundary
condition on the face. The planar surface can no longer follow, and its error grows with both |a| and
¢. Notably, the error remains substantial at 6 = 0 in this regime — wall friction merely modulates a
discrepancy created by the wall geometry.

The practical implications are direct. On the unsafe side, the planar assumption may understate
the active thrust on negatively inclined walls by 10-30% in realistic parameter ranges; such geome-
tries arise, for example, in gravity walls with inclined rear faces, in the equivalent-wall idealizations
of some composite systems, and in rock-cut support with adverse face orientation. For these cases the
applicability maps of Figure 5 give an immediate screening tool, and a characteristic, log-spiral or
finite-element limit analysis solution [22] should replace the closed form whenever the point of in-
terest falls outside zone A. Conversely, for most conventional configurations - near-vertical walls
with B safely below ¢ - the maps justify the continued use of the Miiller-Breslau formula with quan-
tified confidence, which is itself a conclusion of direct practical value, even if an expected one. The
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small conservative pocket at a = +20°, 6 = @,  approaches ¢ is of theoretical rather than practical
interest, but it demonstrates that the sign of the planar-surface error is not universal.

Two numerical by-products deserve emphasis because they affect anyone re-implementing the
wedge optimization, including in teaching. Without the geometric cap p < 90° + o the optimizer can
wander into wedges that intersect the wall, and without the compression condition R > 0 it can con-
verge to false stationary points near the singular direction where the wall and slip-plane reactions are
parallel; both failure modes produce plausible-looking but meaningless coefficients. Neither condi-
tion is stated in the standard derivations [2;4], and both were encountered in the present computations
before being controlled. In relation to the slip-line literature, the present contribution is complemen-
tary to the systematic treatment of the boundary-value structures by Peng and Chen [11]: their focus
is the correct construction of the rigorous solution, whereas here the rigorous solution is used as a
reference against which the closed-form planar model is calibrated and mapped.

The study is limited to a dry, homogeneous, cohesionless backfill under static conditions, to
resultant forces rather than pressure distributions, to the associated flow rule implicit in both limit
analysis and the method of characteristics, and to wall inclinations |a| < 20°. The extension to cohe-
sive backfill via the theorem of corresponding states is exact only for smooth walls, so the present
error maps cannot simply be transformed to c-¢ soil; the seismic extension through the Mononobe-
Okabe formula, which is the Miiller-Breslau solution under rotated gravity, suggests that the a-gov-
erned error structure identified here transfers directly to the seismic case, where the effective wall
inclination is modified by the seismic angle [21] - both extensions are left for future work, as is the
passive case, where the planar-surface error is known to be far more sever [8;19]. Consequently, the
error maps apply to cohesionless backfill (¢’ = 0) only; for cohesive backfill a method accounting
for cohesion must be used and extending the present comparison to ¢'—¢’ soils, for which slip-line
solutions are available [12], is the first priority of future work, as it would considerably widen the
practical scope of the results.

3.7 Procedure for practical use and worked example

The results of this study are applied in design by the following sequence (Figure 8).

Step 1 - Establish the input data: the effective friction angle ¢ and unit weight y of the back-fill,
the vertical height H and inclination a of the wall, the backfill slope  and the design wall fric-tion
angle .

Step 2 - Check admissibility: B < o, |B| <@, 0 <3< ¢, a+ 5 <90° and |a — B| < 90°; outside
these limits expression (1) must not be used.

Step 3 - Check the proximity to the degenerate limit (Figure 4): if per — B < 10°, small un-
certainties in B or ¢ strongly change the failure mechanism, and a rigorous solution is recommend-
ed.

Step 4 - Compute Kamp from expression (1).

Step 5 - Locate the point (3, 6) on the applicability map for the given a (Figure 6 for ¢ = 30°;
the interactive tools provided as supplementary material for other ¢) and read the zone and the local
value of A.

Step 6 - In zone A use Kams directly; in zone B use the corrected value Ko = Kamp:(1 + A)ora
rigorous solution; in zone C replace expression (1) by the method of characteristics, a log-spiral
mechanism or finite-element limit analysis.

Step 7 - Compute Pa, Py and Py from (2) and (3) and use them in the verification of the wall
with the partial factors of the adopted Eurocode 7 design approach.

Worked example. A wall of vertical height H = 6 m retains a dry cohesionless backfill with y =
18 kN/m? and ¢ = 30°. Variant 1: vertical back face (o = 0°), horizontal backfill (B = 0°), 6 = 15°. All
admissibility conditions hold, per = 56.9° lies far from [, and (1) gives Kams = 0.3014. The point lies
in zone A (A = +0.62%, Table 3), so the closed form is used directly: P, = 0.5-0.3014-18-6*> = 97.7
kN/m, Pn = Pa-cos 15°=94.3 kN/m and Py = P,'sin 15° =25.3 kN/m.

Variant 2: back face inclined at a = —20°, backfill sloping at p = —25°, § = 20°. The admissi-
bility conditions again hold (per = 50.4°), and (1) gives Kams = 0.1454, 1.e. P.=47.1 kN/m. The point,
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however, lies in zone C (A = +17.6%, Table 3): the method of characteristics gives Kasok = 0.1711,
and the log-spiral bound alone already requires Kars = 0.1707. The design thrust is therefore P, =
0.5-0.1711-18-6* = 55.4 kN/m, acting horizontally since o + 6 = 0 (Pn = Pa, Py = 0). Applying the
closed form without the check of Step 5 would underestimate the active thrust by 8.3 kN/m, i.e. by
about 15% of the rigorous value, before any partial factor is applied.

Step 1
Input data: @, vy, H, a, B, &

!

Step 2 — Admissibility o Expression (1) is not
B<o, B <o, 0<86<L0, ~a| @pplicable: revise the

o+ 8 <90° |a— B <90° geometry or use

another method

¢ yes

Step 3 — Proximity to the degenerate limit no Mechanism is

Per — B > 10° (Figure 4) \ sensitive: a rigorous
solution is
¢ yes recommended
Step 4

Compute KamB from expression (1)

!

Step 5 — Zone and error level
Locate (B3, 8) on the applicability map for the
given o (Figure 6) and read the zone and the

local A

Step 6 — Choice of the design coefficient

Zone A Zone B Zone C
|A] < 2%: 2% < |A] < 5%: |A] = 5%:
use Kg mp directly use Ky vp-(1 + A) rigorous solution —

or a rigorous solution characteristics,
log-spiral or FELA

[ | |
¥

Step 7
Compute Pe, Py and Py from (2) and (3)

Verification of the wall with the partial factors of the adopted
Eurocode 7 design approach

Figure 8 — Procedure for the practical use of the applicability maps: admissibility and proximity checks, zone identifi-
cation and the corresponding choice of the active earth pressure coefficient [ Author's material]

4 CONCLUSIONS

This paper mapped the validity domain of the Miiller-Breslau active earth pressure coefficient
and quantified the error of its planar failure-surface assumption over the practical parameter space ¢
=20-45° 0==20° B <@, 0 <5 < ¢. The main findings are as follows.

1. Direct numerical maximization of the Coulomb trial wedge, with the admissibility condi-
tions p < 90° + o and R > 0 imposed, reproduces the closed form to within 0.015% overall 8 970
parameter combinations; no interior region of inadmissible stationary points exists, and the difference
between the Miiller-Breslau solution and the method of characteristics is therefore a pure measure of
the planar failure-surface error.
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2. This error is governed primarily by the wall inclination a. For vertical walls and o =+10° its
median is about 0.5-1% for all friction angles, confirming and quantifying the received view, while
at o = +20° it grows to 4.2% at ¢ = 45°; for o = -10° it rises to 2.6-4.3%, and for a = —20° to 6.6—
16.0%, with local values exceeding 30%, consistently on the unsafe side.

3. The finding is confirmed independently by a rotational log-spiral upper-bound mechanism,
which brackets the characteristics solution to within 0.2-2% at all verified points, so that the ordering
Miiller-Breslau < log-spiral < characteristics predicted by the limit theorems is observed throughout.

4. Applicability maps classify the parameter space into a safe-application zone (|A| < 2%; 68—
84% of the physical plane for a > 0, shrinking to below 1% for a.=-20° at high ¢), a caution zone (2-
5%) and a significant-error zone (>5%), and delineate the algebraic boundaries and the degenerate
limit as  approaches ¢, at which the formula remains finite while the wedge mechanism becomes
unbounded.

5. For design practice, the Miiller-Breslau formula may be used with quantified confidence for
near-vertical walls away from the narrow band of the parameter plane adjacent to the degenerate limit
B = ¢, while negatively inclined walls require a rigorous solution for any wall friction; the interactive
applications accompanying this paper allow both regimes to be explored directly.

6. A step-by-step procedure (Section 3.7) links the maps to design practice - admissibility
check, proximity check pcr - B > 10°, zone identification and, outside zone A, correction or replace-
ment of the closed-form coefficient; the worked example shows that for a negatively inclined wall
the closed form may underestimate the active thrust by about 15%. The maps are restricted to cohe-
sionless backfill; their extension to cohesive soils is the subject of future work.
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    K  a =     c o s 2 ( 𝜑 − 𝛼 )    c o s 2 𝛼  cos ⁡   ( 𝛼 + 𝛿 )    [ 1 +    s i n ( 𝜑 + 𝛿 ) s i n ( 𝜑 − 𝛽 )   cos ⁡   ( 𝛼 + 𝛿 )  cos ⁡   ( 𝛼 − 𝛽 ) ] 2


    P  a =  1 2   K  𝛼   γ H 2


    P h   =     P  a c o s  ( 𝛼   +   𝛿 ) ,         P  v   =     P  a s i n ( 𝛼   +   𝛿 )

