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Abstract. This paper presents an analytical solution to investigate the dynamic behav-
ior of a shallow tunnel subjected to a stationary transport load (a load of constant form gen-
erated by uniformly moving traffic or transported cargo within the tunnel). The need to ad-
dress this problem arises from the fact that the lining of the tunnel is still commonly analyzed
using a highly simplified quasi-static method. The solution was based on mathematical mod-
eling. The lining of the tunnel modeled in an elastic half-space consists of three rigidly con-
nected cylindrical circular layers with different physical and mechanical properties: a thick
middle layer (filler) and thin outer layers (facing). In the problem formulation, this lining is
considered as a circular three-layer shell. The motion of the half-space and the middle layer
of the shell is described by the exact equations of elasticity theory, while the motion of the
thin inner shell layer (along which the load moves) and the thin outer layer is described by
approximate equations. The case of a shallow tunnel reinforced with a three-layer steel-
concrete lining (comprising a concrete filler and steel facing layers of equal thickness) sub-
jected to a uniformly distributed axisymmetric normal load moving at a constant velocity
within a specified interval is considered. Using the computer program developed by the au-
thors based on the obtained analytical solution, numerical experiments were conducted to
study the influence of the type of contact between the tunnel lining and the rock mass (rigid
or sliding) on the stress-strain state of the lining and the rock mass.
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stresses.
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Angarna. byn maxanaoa mouHens 6otivimen OIPKAIbINmMbl KO3AIAMbIH KOIK Hemece
MACLIMAIOAHAMBIH HCYKMEH MYbIHOAUMbBIH MYPAKmMbl CUNAMMARbL KOMIK IHCYKMeMeCiHIY
acepineH mas3 OPHANACKAH MOHHENbOIH OUHAMUKALLIK MIHEe3-KYIKbIH 3epmmey2e apHAaleaH
ecenmiy aHaNUMuUKAIbIK wewimi ycoluviiean. byn maceneni kapacmuipyowiy Kaxcemminici
MOHHENb KANMamacvld KoK JicyKmemecine ecenmey Ke3inoe ani KyHee OeliH
aumapavlKmau HCyblKmManeaH KeasucmamuKkaiblk d0iCmiy KOJLOAHBLIYbIMEH MYCIHOIpineoi.
Hlewim mamemamuxanvl mooenvoeyee HezizoenzceH. Cepnimoi oicapmuliati Keyicmikme
OPHANACKAH MOHHENbOIH KANMAaMAcsl JpMypi QU3UKAIbIK-MEXAHUKATLIK Kacuemmepee ue
yut ezapa xamay OQUIAHBLICKAH YUIUHOPILIK uwieHbepii Kabammapoan mypaosl. KalblH
opmaneel Kabam (MoImvipabll) HCIHe HCYKA ColpmKbl Kabammap (kanmama). Ecenmi Koro
oapvicvinoa Oyn Kanmama uwienbepni yur kabammol KaOwblK peminoe Kapacmvlpblidobl.
JKapmoinaii keyicmikmiy Jcane KaObIKmMuly Opmanabl KaOAMbIHbIY KO32AIbICbl CEPRIMOLIIK
MeopusiCbiubly 0271 MeHOeylepiMer CUNammanaovl, all KAObIKmMbulY (WK JCYKa KaOambiHbly
(OHbiYy OOUBIMEH JHCYKMeMe KO32anNaobl) HCIHE CHIPMKbL HCYKA KADAMbIHbIY KO32ANbLCbl
JAHCYLIKMANRAH MmeHOeyiepMer cunammanaosl. Tass opHanackan moHHenvoIiy yul kabammaol
cmanebemonObl KanmamacvlHa (6emoH moJmvlpblulman HCaHe KAlblHObIKmapsl Oipoeti
bonram xanmama KabammapvlHaH mypamoelt) Oencini Oip apanvikma OipKenxi mapaneau
HCOHEe  MYPAKMbL  AHCHLIOAMOLIKNEH — KO38ANAMbIH — OCbMIK-CUMMEMPUSILIK — KAbINMbl
HCYKMeMeHIH acepi Kapacmulpuli2aH. ANbIHeaH AHATUMUKATLIK Wewim He2i3iH0e asmopaap
a3ipezeH KOMNbIOmMepiK 0a20apiamManvl NAUOALIaHad OMbIPLIN, CAHObIK IKCNEPUMEHMMeD
AHCYpeizinodi. 3epmmey HamudicecinOe MOHHENb KANMAMACbl MEH JiCbIHbIC MACCUBI
apacvlHoazvl Oaulauvic MypiHiy (Kammsl Hemece CblPbIMAbl) 0aapOblY  KepHEYIli-
oeghopmayusnanean Kytine acepi maioaHobi.

Tyiiin ce3mep: mowuHenv, cepnimoi dHcapmuliaul KeHicmik, yul Kabammovl KaoObiK,
HCBHLINCLIMATILL HCYKMeMe, KO32AIbICMAp, KepHeyiep.

* ABTOP-KOPPECIIOH/IEHT
Buranuii Ykpaunen, e-mail: vitnikukr@mail.ru

https://doi.org/10.51488/1680-080X/2026.1-26
Anwiaaet 21 xazan 2025; Kaiira kapanasr 12 sxxenrokcan 2025; Kadsurnanaet 25 kanrap 2026

383


https://orcid.org/0000-0002-6451-5463
https://orcid.org/0000-0002-5744-4919
https://orcid.org/0000-0002-4955-9476
https://orcid.org/0009-0000-3173-753X
https://orcid.org/0000-0002-1151-0853
mailto:vitnikukr@mail.ru
https://doi.org/10.51488/1680-080X/2026.1-26

Bulletin of the Kazakh Leading Academy of Architecture and Civil Engineering. Nel (99), 2026. Construction

VIK 539.3: 624.195
MPHTH 30.19.15
HAYYHA CTATBA

BO3JIEUCTBUE TPAHCIIOPTHOM HAT'PY3KH HA
MOJKPEIVIEHHBINA TPEXCJIOMHOHN
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AHHOTAUMSA. B Hacmoswell cmamve npedcmasieno anaiumuyecKoe peuienue 3a0aiu
0151 UCCNIe008aHUSL OUHAMUYECKO20 NOBEOCHUsl MOHHEN MENK020 3AN0NCEHUs. NPU €20
HA2PYIHCEHUU CMAYUOHAPHOU MPAHCHOPMHOU HA2PY3KOU (HA2PY3KOU NOCMOSHHO20 8U0d OMm
PABHOMEPHO 0BUINCYUE2OCSE NO MOHHEIO MPAHCROPMA WL MPAHCIOPMUPYEMO20 NO HEMY ZP)-
3a). Heobxooumocms peuwtenuss OaHHOU 3a0ayu 6bl36AHA MeM, 4mo npu pacueme 000eiKu
MOHHENs HA MPAHCHOPMHYIO HASPY3KY 00 CUX NOP UCHOIb3YEMCsl 8eCoMd NPUOTUICEHHbI
Keazucmamuyeckuil Memood. Pewenue ocHogvleanocy Ha mamemamuieckom MOOeiuposanuu.
Ob60enxa moodenupyemozo 8 Ynpy2om ROJLYNPOCMPAHCEE MOHHENSl COCIMOUmM U3 mpex
HCECMKO CONPANCEHHBIX MeHCOy COOOU YUTUHOPULECKUX KPY2OB8bIX CNI0€8 C PA3HbIMU (u3u-
KO-MeXAHUYeCKUMU C8OUCMEAMU. MOICMO20 CPeOHe20 C0s (3aN0IHUMENsL) U MOHKUX Kpati-
Hux cnoes (obwusku). Ilpu nocmanoeke 3a0auu sma 060eiKa paccmampueaemcsi Kaxk Kpyeo-
8asi mpexciotnas 00010YKa. [[eudicenue NOIYnpoCmMpancmea u CpeoHe2o Cios 00010YKU
ONUCHIBAIOMCS MOYHBIMU YPAGHEHUAMU MeopUU YAPY2OCMU, 08UNHCEHUE TMOHKO20 6HYMPEH-
He20 105t 00010UKU (N0 KOMOPOMY OBUNCEMCS HASPY3KA) U MOHKO20 €€ HAPYICHO20 CLOSL —
NPUOIUNCEHHBIMU YpasHeHuamu. Paccmompen cnyuail 6osoeticmeus Ha mpexciouHyo cma-
J1ebemonHy10 000eKy (¢ 6emoHHbIM 3anoaHumenemM U CMAalbHOU 0OUWUBKOL CO CLOAMU 00U-
HAKO0BOU MOUUHBL) MOHHENS METKO20 3AL0ONCEHUS OBUNCYWEUCS ¢ NOCMOSHHOU CKOPOCMbIO
0CeCUMMEMPUYHOU HOPMATLHOU HAZPY3KU, DAGHOMEPHO PACHPEOeNeHHOU 6 3A0AHHOM UH-
mepsane. [lpu npogedenuu, ¢ UCnoib308aHuem pa3pabomanHol Ha OCHO8e NOJYYEHHO20 pe-
WeHUsl asmopamu KOMNbIOMEPHOU NPO2PaAMMbl, YUCLEHHbIX IKCHEPUMEHMO8, UCCIe008AHO
gnUAHUE MUNA KOHMAKMA 000eIKU C NOPOOHLIM MACCUBOM (HCECMKO20 U CKONb3AULe20) HA
HanpsicéHHO-0epopmuposarntoe cocmosHue 000eIKu MoHHes U NOPOOHO20 MACCUBA.

KiroueBble cioBa: mowuHens, ynpyzoe noiynpocmpancmeo, mpexciouHas o0onouKa,
OBUIICYWASLCSL HASPY3KA, NEPEMEUCHUsL, HANPSIHCEHUSL.
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1 INTRODUCTION

The impact of transport loads in the tunnel causes vibrations in both the tunnel lining and the
surrounding rock mass. Studies of these vibration processes by experimental methods require sig-
nificant material costs, and in some cases, their implementation is not possible. Therefore, analyti-
cal and numerical research methods are needed. It should be noted that the deformations and stress-
es occurring in this structure are significantly dependent on the type and parameters of the transport
load, the design of the tunnel lining, and the depth of its placement (Sheng, 2019).

At present, the quasi-static method is still allowed in the analysis of tunnel lining under
transport loads, using a highly simplified computational model — the “beam on elastic foundation”.
In this case, the dynamic effect of the transport load on the tunnel is taken into account using a dy-
namic amplification factor. For train speeds up to 70 km/h, the factor is recommended to be taken as
1.0, and for speeds of 70 km/h or higher — 1.1 (SP 120.13330.2022). In this paper, the authors reject
the use of such a model, which fails to reflect real conditions, and instead propose a dynamic meth-
od for analyzing a three-layer tunnel lining and the surrounding ground mass in shallow-buried tun-
nels, based on mathematical modeling. The computational model of the tunnel is a long circular
three-layer shell embedded in an elastic half-space. The motion of the half-space and the middle
layer of the shell is described by the exact equations of elasticity theory, while the motion of the
thin inner shell layer (along which the load moves) and the thin outer layer is described by approx-
imate equations.

It should be noted that the analytical solution presented in this paper for the model problem of
determining the stress—strain state (SSS) of a three-layer tunnel lining in a shallow-buried tunnel
and the surrounding rock mass is significantly more complex than the corresponding solution for a
deep-buried tunnel reinforced with the same lining (Alekseeva & Girnis, 2009, Otarbaev, 2018).
In the latter case, the waves reflected from the ground surface, which arise due to the action of
transport loads on the tunnel lining, can be neglected. Using a computer program developed by the
authors based on the obtained analytical solution, numerical experiments were conducted to investi-
gate the influence of the type of contact between the tunnel lining and the surrounding rock mass
(rigid or sliding) on the stress—strain state of both the lining and the rock mass.

The reliability of the results is ensured by the correct formulation of the problem, the applica-
tion of exact mathematical methods of elasticity theory in its solution, the rigor of the employed
mathematical framework, the high degree of boundary condition satisfaction, and the agreement of
the numerical results obtained in this work with certain previously published results by other au-
thors.

The scientific contribution of this research consists in the development of a mathematically
rigorous and physically adequate model of the dynamic behavior of a shallow-buried tunnel sub-
jected to stationary transport loading, as well as in the implementation of computational tools based
on this model. These tools enable the selection of optimal geometric and physico-mechanical char-
acteristics of the tunnel structure during the design phase, taking into account the geotechnical con-
ditions and loading parameters. Furthermore, the model facilitates prediction of the structure’s per-
formance during operation and the prevention of resonance phenomena that could lead to structural
damage.

The main model problems for evaluating tunnel dynamics under stationary transport loading
involve analyzing the behavior of a long circular cylindrical shell embedded either in an infinite
elastic medium (corresponding to deep tunnels) or in a half-space (corresponding to shallow tun-
nels), subjected to a load moving along the shell’s axis on its inner surface.

The model transport problem for a deep tunnel reinforced with a circular homogeneous lining
has been studied by many researchers. Numerical methods such as the Finite Element Method (FE)
(Zhou et al., 2018), the coupled Finite Element Boundary Element Method (FE-BE) (Sheng et al.,
2005), and the Finite Difference Method (FD) have been used to study the problem of modeling
ground vibrations caused by moving trains. These methods can simulate complex engineering envi-
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ronments, but they require significant computational resources and data storage, which limits their
practical application.

Analytical methods are more preferable for research in this field due to their computational
efficiency.

In 2006, Forrest and Hunt (Forrest & Hunt, 2006) proposed the PiP model, in which the tun-
nel lining and the surrounding mass were modeled as a thin-walled circular shell and an infinitely
thick pipe, respectively. A normal load is applied to the inner surface of the shell, which is rigidly
bonded to the ground, acting at its lowest point and moving along the axis of the shell. The shell's
movement is described by thin-walled shell theory equations, while the soil movement is described
by elastic medium wave equations. Following (Forrest & Hunt, 2006), Hussein and Hunt (Hussein
& Hunt, 2007) modified the PiP model in 2007 to account for the case of an asymmetrical moving
load on the shell. In 2014, Zeng (Zeng et al., 2014) further developed the model by representing the
surrounding soil as a saturated poroelastic medium using Biot's theory.

In 2009, Gupta (Gupta et al., 2009) compared the periodic FE-BE model and the PiP model,
examining the influence of lining and soil parameters on the dynamic behavior of tunnels. He
demonstrated that material damping and the shear modulus of the soil have an important influence
on the propagation of vibrations. The influence of structural changes to the tunnel, as well as geo-
metrical properties such as the size and shape of the tunnel, is investigated. Additionally, it is
demonstrated that the tunnel geometry has a considerable influence on the response closer to the
tunnel.

In 2017, Dwivedi (Dwivedi et al., 2017) investigated the steady-state dynamic response of an
infinitely long, elastic, homogeneous hollow cylinder of arbitrary thickness, imperfectly bonded to
surrounding viscoelastic soil, under the action of a moving axisymmetric axial ring load. The soil
was described using the Kelvin-Voigt model. The problem was solved using the Laplace transfor-
mation.

A more recent analytical approach to investigating the dynamic behavior of tunnels with ho-
mogeneous lining in layered soils was presented in (Di et al., 2022), utilizing the method of separa-
tion of variables for the tunnel and the Helmholtz decomposition for the surrounding ground.

In the case of a tunnel lining consisting of different concentric layers, it is modeled as a lay-
ered circular cylindrical shell embedded in an elastic medium. Several studies (Alekseeva &
Girnis, 2009, Otarbaev, 2018, Otarbaev, 2015, Girnis & Bulyga, 2023) have investigated the
SSS of various configurations of layered shells, including three-layer shells with a thick middle lay-
er and thin outer layers (Alekseeva & Girnis, 2009, Otarbaev, 2018) and two-layer shells
(Otarbaev, 2015, Girnis & Bulyga, 2023). These works also investigated the dynamic interaction
with the surrounding medium and assessed the influence of critical load velocities.

For shallow tunnels, the solution of the transport problem becomes significantly more com-
plex; therefore, the number of published studies in this area is limited.

To predict ground-borne vibrations from underground railway traffic, Degrande et al.
(Degrande et al., 2006) developed a numerical periodic FE-BE method that accounts for the perio-
dicity of the track structure. Yang and Hung (Yang & Hung, 2008) proposed a finite/infinite ele-
ment method for analysing wave propagation problems caused by underground trains. The near
field of the half-space, including the tunnel and parts of the soil, is simulated by finite elements, and
the far field extending to infinity by infinite elements. Yang et al. introduced the scaled boundary
finite element method (SBFEM) based on non-uniform rational B-splines (NURBS) using the con-
cept of isogeometric analysis (IGA) for soil vibration problems, which is more efficient than the
traditional FE method. In (Yang & Li, 2022), the two-and-a-half-dimensional (2.5-D) version of
IGA was formulated and used for predicting soil vibration caused by moving trains. For the soil-
tunnel system, the IGA was used for the bounded domain (to account for geometric irregularities),
while the scaled boundary isogeometric analysis (SBIGA) was applied to the unbounded domain (to
model radiation damping at infinity). Most numerical models require significant computational ef-
fort, making them suitable for scientific research but still too expensive for use as design tools.
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In 2017, (Zhou et al., 2017) proposed a two-step procedure for predicting vibrations in a po-
roelastic half-space induced by an underground train. The first step involves using an improved PiP
model (coupled with the train-track system) to calculate the dynamic response (displacements and
stresses) at the tunnel lining-soil interface in a poroelastic full-space. The actual poroelastic half-
space vibrations are then calculated using a 2.5-D boundary integral equation for saturated porous
media along with Green's function for a poroelastic half-space.

Analytical solutions were obtained in (Yuan et al., 2017, Coskun & Dolmaseven, 2017) for
problems involving a shallow tunnel reinforced with a homogeneous lining subjected to a moving
point load (Yuan et al., 2017) or a uniformly distributed normal load (Coskun & Dolmaseven,
2017). In the problem formulation, the rock mass surrounding the tunnel lining was modeled as a
viscoelastic half-space in (Yuan et al., 2017), and as an elastic half-space in (Coskun & Dol-
maseven, 2017).

Articles (Alekseeva & Ukrainets, 2009, Alekseeva & Ukrainets, 2020, Otarbaev, 2022,
Gorshkova, 2023, Stanevich, 2023, Otarbaev, 2024) present analytical solutions to problems in-
volving various types of moving loads acting on a homogeneous shell embedded in an elastic half-
space and describe the results of numerical experiments conducted based on these solutions.

At present, three-layer tunnel linings — consisting of a thick intermediate layer (core material)
and thin outer layers (facings) — have become widely used. Under bending conditions, three-layer
shell structures are considered the most efficient, i.e., nearly optimal in terms of achieving minimal
weight while satisfying given strength and stiffness constraints. Accordingly, a shallow tunnel lining
of this type is investigated in the present study.

2 MATERIALS AND METHODS

The construction of the analytical solution to the problem formulated in this paper is based on
mathematical modeling. To model the dynamic processes associated with wave propagation and dif-
fraction in the tunnel lining and the surrounding rock mass under stationary transport loading, the
following are employed: models of elastic media, thin and thick elastic shells, classical methods of
partial variable separation and integral transforms, numerical methods for integration and for solv-
ing systems of algebraic equations, as well as the method of successive approximations (Alekseeva
& Ukrainets, 2009, Alekseeva & Girnis, 2009, Otarbaev, 2015, Alekseeva & Ukrainets, 2020,
Girnis & Bulyga, 2023). The lining of the tunnel modeled in an elastic half-space consists of three
rigidly connected cylindrical circular layers with different physical and mechanical properties: a
thick middle layer (filler) and thin outer layers (facing). In the problem formulation, this lining is
considered as a circular three-layer shell. The motion of the half-space and the middle layer of the
shell is described by the exact equations of elasticity theory, while the motion of the thin inner shell
layer (along which the load moves) and the thin outer layer is described by approximate equations.
The computational model of the tunnel is a long circular three-layer shell embedded in an elastic
half-space.

3 RESULTS AND DISCUSSION
As the computational model of the tunnel, we adopt the schematic representation of the tunnel
shown in Cartesian (X, y, z) and cylindrical (r, 6, z) coordinates in Figure 1. In this model, the tun-

nel lining embedded in an elastic half-space is represented as a circular three-layer shell, with its z-
axis parallel to the boundary of the half-space (the ground surface).
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Figure 1 — Schematic representation of a tunnel at an embedment depth /4 (author’s material)

The notation adopted in this study is as follows. For the half-space (k=1) and the middle
layer (filler) of the shell o6omouku (k=2): v,,HU,,p, denote the Poisson’s ratio, shear modulus,

and density, respectively; c, = m and ¢, = m represent the shear and
longitudinal wave velocities, A, =2u,v, /(1-2v,). For the outer (k=1) and inner (k£ = 2) thin-
walled layers of the shell (the shell facing), which are rigidly bonded to the filler: v, Ho;sPox
denote Poisson’s ratio, shear modulus, and density, respectively; R, is the radius of the mid-
surface, and A, is the thickness. It is assumed that the shell facing is in contact with both the filler
and the half-space at ¥ = R, .

The SSS of the half-space and the shell is determined under the action of a steady-state load

of intensity P . Assuming that the load moves at a subcritical velocity ¢ <c; , and switching to the

moving coordinate systems (x,y,N=z—ct, r,0,n=z—ct), the motion of the half-space (k=1)
and the filler of the shell (£ =2) is described by Egs. (1) (Alekseeva & Girnis, 2009, Otarbaeyv,
2018, Otarbaeyv, 2015, Girnis & Bulyga, 2023, Alekseeva & Ukrainets, 2020), while the motion
of the outer (k£ =1) and inner (k = 2) thin-walled shell layers is described by Egs. (2) (Alekseeva
& Girnis, 2009, Otarbaev, 2018).

(M;,f —M;,f)graddivuk + MV, =0, /o, k=1,2; (1)

(an g, )

1— (1 ~—Voi )pOkCZ 82uonk N 1=vy, az”onk 1+ vy, 82”oek 4+ Yor Oty _ 1-vy,
21, on’ 2R, o0 2R, omod® R, on  2u,hy
2
1+v,, 0 Uonk + (1 - VOk) 1— p()kcz 82”‘oek " L 82”‘oek n L Oy, 1-vy, ( _ ) )
2R, ndd | 2 TR0 R 00 2ughy, T dom
r on Ko ) On % % Hox/Tox
Vor Ol n 1 Ouyy, Poy (1 — Vo )pOkC2 Dy Uppy 1-vy,

+ kA 4 + - — —q. ).
R, on R 0 12 o 2, o R 2uyh, (6.4,

Here M, =c/c,, M, :c/ ¢, » V? — Laplace operator, u — displacement vectors of the

points in the half-space and the core layer of the shell; won, ook, torx — displacements of points in

the thin-walled layers of the shell; ¢, =, vr dim =Cg|, > i =C2| reactions of the
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half-space and the filler (c,,, ©,, — stresses in the half-space and the filler); g, =P (0,n)

12 2

(P,(8,m) — components of the P(6,m));/ =, 6, . When the shell is in sliding contact with the sur-
rounding medium ¢, . =¢q, =0.

Vectors ux can be represented through Lame potentials uepe3 norenumansl Jlame @
G=1,2,3, k=1,2) (Alekseeva & Girnis, 2009, Otarbaev, 2018, Otarbaev, 2015, Girnis &
Bulyga, 2023, Alekseeva & Ukrainets, 2020)

u, =grade, + rot((p2 € )+ 1r0‘[1r0t((p3 ken), k=12, (3)

where e, — denotes the unit vector along the axis n.
From (1) and (3) it follows:

Vi, =M 0%, /o, j=12.3, k=12, @)

where Mix = Mpk, Mok = Mz = M.
From (3) it follows (for k=1, 2)

u :6(Plk +16(P2k +62(P3k
o r 00 omor’

2
g, :l oy, _ 0Py, +18 D3 ’ (5)
r 09 or r onoo

0 o’
_ w2 %

nk an sk an 2

u

U, = 90y, " 00, " o’¢;,
ox oy  oxon
0 0 o’
u, = P 09y n D3 , (6)
d  ox  dyon
0 o’
0= Pu +m’ (P231 .
o on

3

u

Here m? =1-M2 >0.

Using (5), (6), and Hooke's law, we obtain (for k=1, 2)
3

+2u,m, aﬁniik )

G = kkMzk az(P;k " 2p, 1 82@211( n oPy, " l 0Py, az(sz n 1 63(2P3k n az(p%
P on r \(r 00 or r 00 0rd® rob°on oOrom

2 2 2 5
G, :}\‘kM;ka&*‘z}lk[a O +la (OFy" _ia(l)_zk_'_ 0 (p3kj’

azq)lk

2

Gnnk = (2Hk +}\’kM2k)

p

on’ or*  r 08or r* 00  or’om
2 2 3
ST LA T A a ™)
" onor  r 00on onor
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—u 2 2’¢y, _az(sz (+my) 83@3k
“\ » 0om  oron r 00on’

“\rovor 00 o 2 o

G4 =21 [l 82(P1k _ia(l)uc _ aZ(sz . msk az(p2k L

0 o’
Gt =2y +}”1M;1) a;pzll +2,mg X 61({1)31

_le o’ o Q +2u (82@11 _ 82(le n 63(P31 ]
1 ’

P oon? ot oxdy  oyom

— M2 82(Pu +2u (82@11 n 82(le " 83@31]
1 1 >
on

ox*  Ox0y ox’on

2 2 3
Gm1:H1[2a(p“+a(p21+(l+ sl)a(Pslj’

onox  oyon on’ox
2
G =1 26 Pu _8 Py +(1+m Sl) (P31
v oyon 8x8n

J

(8)

©)

Depending on the contact conditions between the shell and the surrounding elastic medium,

the following holds:
- in the case of sliding contact

atr=R U, =U,,, ujz :”0/1’ Grr]l :Oa O 01 :0’

atr=Ry Up =Uy;, j=r,0m;
- in the case of rigid contact

atr=Ri Uy =Uy, Uy =Uy,,

atr=~Ra U, =Uy,H, j=r,0,n.

The load moving along the shell is represented as

PO,n)=p(0)™, p(6)= 3 Pe™,

Pj(e’ﬂ)=l7,-(9)€ima pj(e)z ZPnjeme’ J=rom

Given the steady-state nature of the process,
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(pjk(r,e,n):qnjk(r,e)e@, j=1,23, k=1,2; (13)
Uy i 6 n Zu()n]ke’”ee’&",j—r Onk=12. (14)

Substituting (13) into (4) yields
Vi, —m &0, =0, /=123 k=12. (15)

2 . .
Here m, = \1-M; , my =m,, m, =m, =m,, V, —two-dimensional Laplace operator.

With the accepted speed limit ¢ < ca (Mg <1, k=1, 2) solutions to Egs. (15) can be repre-
sented in the form

©, =00 +®D, j=1,23, k=1,2, (16)

where:
- for elastic medium

q)(l) zaan ( ) q)(z) jg £, )exp (lyC+(x h)¢’ +k,21)

- for shell filler
(D(l) zal’lj+3 ( 12]") CD(Z) Zary+6 7") eme

Here Kn (k 1), 1,(k;r) — respectively, Macdonald functions and modified Bessel functions,

k= ‘m k= ‘m Ay ey Ay 5 g ;(E,6) —unknown coefficients and functions, j =1, 2, 3.

In Cartesian coordinates, ®@;1 (16) take the form

0 7)6/, 0 ) ‘
j > a,®, +g;(E0)e" " e (17)
j n=-0

Here @, =[(c+ 7, )k, I, f,=yC+k5, j=123.

The boundary conditions (9) are applied, with reference to (8), (13), and (17). Equating the
coefficients at e”> to zero yields a system of three algebraic equations, from which we determine

g,60=— ZAﬂ "f’ Zan,cb (18)

*Zl

Here A. = (2p2 =B ) —4pZ [p? —a® Jp? -

Jp—— _Lep) A, = -2(2p7 — B} A, = 26(2p2 B2 Wp? -
2pr -0’ Jpi-o

. M . A.. . M?
Ny ==t Ay, A=, A= —4EC =5t pl — oy -
msl 2 P _B msl
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By Ky e A (Zp* B)Z

A :—#’ A :—’
W fe T NN

A**=(2pf—[’>2)2—4pf*\/pf—oc NS
a=M,E B=ME pl=8+C2, p£*=a2+(2/mfl—1)z;2.

The investigation of the determinant A, (§,£) showed that A, (&,8) # 0, when ¢ < cr (Where

cr 1s the Rayleigh surface wave velocity in the half-space).
Taking into account (18), expressions for potentials @;; in the Cartesian coordinate system
(17) for ¢ < cg take the form

J;{ Zan/CD +e Z e Zan,cbn,}"y@dq.
J n=-—x0 * n=-—0
Using the relation

exp(iyg (=) C K ): i[ (k)" (Q + R ) k, ] e

we represent the potentials ®@;1 (16), taking into account (18), in a cylindrical coordinate sys-
tem at ¢ <cg

0

q).l Z(a K (k/lr)+ nj n(kjlr)) (19)
A ! A “h(fi+f))
Here b".lf :Z ZamlAZ s A:: = cDmch e dC,a .
=1 m=- A

Substituting expressions (13) into (5) and (7), taking into account (19), yields the formulas for
calculating the displacements u,, and stresses o, ([, m =7, 0, n) in the elastic medium for ¢ < cg (*
denotes that these displacements and stresses correspond to the case of a load acting on the shell, as
defined in (12)). Similarly, substituting (16) for k=2, taking into account (13), into (5) and (7),
provides the formulas for calculating the displacements 4,, and stresses o, , ([, m =7 0, 1) in the
shell filler for ¢ < cg.

By substituting (14) into (2) and solving the resulting system of equations for the n-th term of
the expansion with respect to womx, Uondk, Uonk, We can obtain the expressions for these variables,
which are presented in (Alekseeva & Girnis, 2009, Otarbaev, 2018).

Substituting the expression for the load (12) and the corresponding displacement and stress
expressions into the boundary conditions (10) or (11), and then equating the coefticients of the se-

ries in terms of eme, we obtain an infinite system of 7n=0,11,£2,... linear algebraic equations,

from which the coefficients a,,..., @,y are determined. When solving this system using the method

of successive approximations (Alekseeva & Ukrainets, 2009), each successive approximation in-
volves solving a system of linear algebraic equations of block-diagonal form with 9x9 matrices and
determinants A (&,c) along the main diagonal.

If a load of type P(O,n)= p(@)p(n) moves along the shell, then by representing this load, as

well as the components of the SSS of the half-space and the shell filler, in the form of Fourier inte-
grals, we obtain

393



Bulletin of the Kazakh Leading Academy of Architecture and Civil Engineering. Nel (99), 2026. Construction

PO~ [P (0.8 e = po)pln) = o) [ (@

P0n)=5- [P 0.2k = p, Op()= 2, 0)3- [ (e

e (0 = [u - 0.0)p"(EME,
o 0)
Gt (0,10 = [ 61,4 (,0.8)p" ()&

Here /=r,0m, m=r.0m, k=1.2; p’(€)= [ p(n)e™dn.

IfA, (€,¢) # 0, then any numerical integration method can be used for computing (20). Nu-

merical investigations of Ax(E, ¢) have shown that these determinants are nonzero when c¢ < cg)x.
Here c(:)+ are the critical load velocities, which may be lower than cz. As follows from the calcula-
tions, min cpyx = co)* (Alekseeva & Girnis, 2009, Girnis & Bulyga, 2023, Alekseeva &
UKkrainets, 2009).

Consider a tunnel with a depth of #=6 m in a rock mass with physical and mechanical char-
acteristics: vi =0.294, i =p=1.09-10° Pa, p; = 1.5-10° kg/m’. The tunnel is reinforced with a
three-layer steel-concrete lining. The contact between the lining layers is rigid. The lining consists
of two thin-walled steel (vo1 = vo2 = 0.3, po1 = o2 = 8.08-10'° Pa, po1 = po2 = 7.8-10% kg/m?) shells
(ho1 =h2=0,02m; R =3.0 m, R =2.5 m). The filler material between the shells is concrete
(v2=0,2, p2 = 1.21-10' Pa, p> = 2.5-10° kg/m-10°). It should be noted that the stiffness of the lining
materials exceeds that of the material composing the surrounding rock mass.

An axisymmetric normal load with intensity Q (Pa) moves through the tunnel at a speed of
¢ =100 m/s. The load applies uniform pressure to the tunnel lining within the interval
n| < 1o =0.2 m. The intensity Q is chosen such that the total load over the loading section of length
2ly is equal to the intensity of an equivalent concentrated normal ring load P” (N/m), i.e.
Q= P”/2l.

The following notation is adopted with indices k = 1, 2 in the components of displacements

and stresses omitted for brevity: u, = uru/P" (m), 6, =0, /P° s Ghy =GCpo/P > Opy =0 /P° ,
w =u /P (m), u =u u/P" (m), &) =c, /P, where P"=P"/m (Pa).

The results of the SSS calculations for the tunnel lining filler and the surrounding rock mass
in the xy plane are presented in Tables 1 — 3. Table 1 presents the values of the SSS components on
the inner (» = R2) and outer (» = R1) surfaces of the tunnel lining filler. Table 2 contains the SSS
components at the contact surface (» = R1) of the rock mass. Table 3 provides the SSS components
of the ground surface (x =#), which were used to construct the plots shown in Figures 2 —5.

Curves 1 correspond to rigid contact of the lining with the rock mass, and curves 2 to sliding con-
tact.
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Table 1
Stress-strain components at the tunnel lining filler in the x) plane (author’s material)
SSS com- 0], degree
po-nents 0 20 40 60 80 100 120 140 160 180
Rigid contact between the lining and the rock mass
u’x10 0.19 0.19 0.19 0.18 0.18 0.18 0.18 0.18 0.18 0.18
G 2.4 2.4 -2.4 -2.4 -2.4 2.4 2.4 2.4 2.4 2.4
o G o0 0.93 0.93 0.93 0.93 0.93 0.93 0.92 0.92 0.92 0.92
G'm -2.37 -2.37 -2.37 237 -2.37 -2.38  -2.38 -2.38  -2.38 -2.38
u’x10 0.16 0.16 0.16 0.16 0.15 0.15 0.15 0.15 0.15 0.15
G -0.12 -0.12 -0.12 -0.12 -0.12 -0.12 -0.12  -0.12 -0.12 -0.12
. G 00 1.61 1.61 1.60 1.60 1.60 1.60 1.60 1.60 1.60 1.60
G'm 1.29 1.28 1.28 1.28 1.27 1.27 1.27 1.27 1.27 1.27
Sliding contact between the lining and the rock mass
u'x10 0.19 0.19 0.19 0.19 0.18 0.18 0.18 0.18 0.18 0.18
G 2.4 2.4 -2.4 -2.4 -2.4 2.4 2.4 2.4 2.4 2.4
o G 00 0.94 0.94 0.94 0.94 0.94 0.94 0.94 0.94 0.93 0.93
G'm -2.38 -2.38 -2.38 -2.38 -2.38 -2.38 -2.38 -2.38 -2.38 -2.38
u'x10 0.16 0.16 0.16 0.16 0.16 0.15 0.15 0.15 0.15 0.15
G -0.12 -0.12 -0.12 -0.12 -0.12 -0.12 -0.12  -0.12 -0.12 -0.12
. S 00 1.63 1.63 1.62 1.62 1.61 1.61 1.61 1.62 1.62 1.62
Sm 1.32 1.32 1.31 1.31 1.30 1.30 1.30 1.30 1.30 1.30
Table 2
Stress-strain components at the contact surface (» = R1) of the rock mass in the xy plane (author’s material)
SSS compo- 6], degree
nents 0 20 40 60 80 100 120 140 160 180
Rigid contact between the lining and the rock mass
u’x10 0.16 0.16 0.16 0.16 0.15 0.15 0.15 0.15 0.15 0.15
' »x10 -0.32 -0.32 -0.33 -0.34 -0.34 -0.34 -0.34 -0.34 -0.34 -0.34
G e0x10 0.05 0.04 0.04 0.04 0.04 0.04 0.03 0.03 0.03 0.03
G mmx10 0.02 0.01 0.01 0.01 0.01 0.01 0.0 0.0 0.0 0.0
Sliding contact between the lining and the rock mass
u' 10 0.16 0.16 0.16 0.16 0.16 0.15 0.15 0.15 0.15 0.15
o <10 -0.25 -0.26 -0.28 -0.29 -0.29 -0.29 -0.29 -0.29 -0.29 -0.29
G ex10 -0.03 -0.03 -0.02 -0.02 -0.02 -0.02 -0.03 -0.03 -0.03 -0.03
o mmx10 -0.26 -0.26 -0.26 -0.26 -0.26 -0.26 -0.26 -0.26 -0.26 -0.26
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Table 3
Stress-strain components at the Earth’s surface (x = /) in the xy plane
Yy, m
SSS components
0.0 0.4 0.8 1.2 1.6 2.0 24 2.8 3.2
Rigid contact between the lining and the rock mass
u’ <100 0.56 0.56 0.55 0.53 0.51 0.49 0.46 0.44 0.41
u’yx100 0.0 0.03 0.05 0.09 0.09 0.10 0.11 0.11 0.10
G100 0.34 0.33 0.31 0.28 0.24 0.19 0.15 0.11 0.08
G mmx100 0.55 0.55 0.54 0.51 0.48 0.45 0.42 0.38 0.35
Sliding contact between the lining and the rock mass

u’ <100 0.68 0.68 0.67 0.65 0.62 0.59 0.56 0.53 0.50
u’yx100 0.0 0.03 0.06 0.09 0.11 0.12 0.13 0.13 0.13
o yx100 0.41 0.40 0.37 0.34 0.29 0.24 0.19 0.14 0.09
6 mx100 0.68 0.67 0.65 0.62 0.59 0.55 0.51 0.47 0.44

u°x-103

—T R e 2
/ 1
— | T 5 <1 ™
/, ‘\
—— [ —
— 4 _— y, m
-2.4 -1.6 -0.8 0 0.8 1.6 24
Figure 2 — Displacement components ', at the Earth's surface in the x) plane (author’s material)
u°y
2
2
{"—-—
y,m
-2.4 -1.6 ﬁ/ o 0.8 1.6 24
-2

Figure 3 — Displacement components u’, at the Earth's surface in the x) plane (author’s material)
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Figure 4 — Stress components o', at the Earth's surface in the x) plane (author’s material)

0°m
/’--\\ 2
/'/ /‘/f ‘\4\\ \\\
5
_— 4 h—
y,m
-2.4 -1.6 -0.8 0 0.8 1.6 2.4

Figure 5 — Stress components ¢ nq at the Earth's surface in the x) plane (author’s material)

The obtained results are analyzed below. Table 1 shows that, in the cross section =0 of the

tunnel lining, the points » = R» within the filler are subjected to tensile stresses cgs and compressive
stresses oy, while at the points on the outer surface of the filler (» = R1), the stresses oy and oy are
tensile. The numerical values of these stresses are only slightly affected by the type of contact be-
tween the lining and the rock mass (rigid or sliding). The stresses Geg at points on the outer surface
(r = R1) of the lining filler are approximately twice as large, the stresses |onn| are half as large, and
the stresses |o,| are 20 times smaller than the corresponding stresses at points on its inner surface
(r=Ro).

As follows for 6 = const from Tables 1 and 2, in the cross section (n = 0) of the tunnel, the
displacements u, of the points on the outer surface of the tunnel lining filler and the points on the
contact surface of the rock mass are identical. At the same time, the stresses |G|, |Gee|, and |ony| at
the outer surface of the filler are significantly higher than those at the corresponding contact surface
of the surrounding rock mass.

As shown by the calculations, with increasing distance from the tunnel lining in the vertical
direction (x & — o, 1 = 0), the stresses and displacements in the rock mass decrease and become
practically negligible at |x| = 4+5R.

It follows from Table 3 and Figures 2—5 that with sliding contact of the lining with the rock
mass, the displacements and stresses of the Earth's surface are greater than with rigid contact. Verti-
cal displacements u, of points (deflections) of the Earth's surface occur upward, and the stresses Gy,
and oy at these points are tensile. At y =0, displacements u, and stresses G,y, onn have maximum
values and decrease rapidly with increasing |y|. Horizontal displacement u, of points (shifts) of the
Earth’s surface at y <0 occurs to the left, at y >0 — to the right (y=0, u, =0). The maximum
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ground surface displacements occur at |y| =2.6 m. The displacements u, of points symmetrically
located with respect to the x-axis have identical values.

4 CONCLUSIONS

1. Based on mathematical modeling, an analytical solution has been obtained to investigate
the dynamic behavior of a shallow tunnel subjected to stationary transport loading.

2. The tunnel lining, modeled in an elastic half-space, is represented as three rigidly
connected circular cylindrical layers with different physical and mechanical properties, including a
thick middle layer (filler) and thin outer layers (facing). In the problem formulation, the lining is
considered as a circular three-layer shell.

3. The case of a shallow tunnel reinforced with a three-layer steel-concrete lining (comprising
a concrete filler and steel facing layers of equal thickness) subjected to a uniformly distributed
axisymmetric normal load moving at a constant velocity within a specified interval has been
analyzed.

4. Numerical experiments were conducted using a computer program developed by the
authors based on the obtained analytical solution to investigate the influence of the type of contact
between the lining and the rock mass (rigid or sliding) on the stress—strain state (SSS) of the tunnel
lining filler and the surrounding rock mass.

5. It has been established that the type of contact between the tunnel lining and the rock mass
significantly affects only the stress—strain state of the rock mass.

6. The displacements and stresses on the ground surface are considerably higher in the case of
sliding contact compared to rigid contact.

7. The developed computational software package is intended for use by engineering design
organizations involved in tunnel construction.
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