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Abstract. A mathematical model of heat transfer in an innovative external building
enclosure, comprising both ventilated and non-ventilated air layers, has been developed
in this study. The structural complexity of the considered system necessitates the
simultaneous consideration of all three modes of heat transfer: thermal conductivity
(conductive transfer), convection, and thermal radiation. The model incorporates
boundary conditions on both the interior and exterior surfaces of the enclosure, allowing
for the influence of climatic factors and building operation conditions to be taken into
account. For the conductive heat transfer, the thermal characteristics of the enclosure
layers are assigned based on the physical and mechanical properties of the construction
materials. For the layer consisting of a fully enclosed air gap, the model uses the
equivalent thermal conductivity value that accounts for heat transfer in a stationary gas
medium. In the case of the ventilated air layer, the energy equation is applied to describe
the heat exchange processes involving moving air, including the interaction between the
airflow and bounding surfaces. As a result, a mathematical model in the form of a system
of heat transfer equations adapted to the multilayer structure of the enclosure has been
constructed, accompanied by the appropriate boundary conditions. This enables accurate
simulation of temperature fields and heat flows depending on the parameters of the
construction and the external environment. The developed model can be used in
engineering calculations for design tasks, thermal optimization, energy audits, and
evaluation of the efficiency of various enclosure systems. Furthermore, the model can be
integrated into building information modeling (BIM) software and used in energy
efficiency certification systems. The presented results contribute to improving approaches
to analyzing the thermal behavior of building structures and to the development of
sustainable construction principles.
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Amnparna. byn oicymvicma 6ip meseinde dscendeminemin JHcaHe dHceldemiimetimin aya
Kabammapul 6ap colpmKbl UHHOBAYUAILIK KOPULAY KOHCMPYKYUACLIHOARbL HCHLTY AIMACYObIH
Mamemamuranvlk mooeni a3ipienoi. Kapacmuipbiivln omulpean JHCyueHiy KOHCMPYKMuemix
Kypoeniniei Jcolly aimMacyobly Yul MeXaHusmi — JHCbLIYOMKI32iumiK —(KOHOYKmuemi
macvimanoay), KOHGEKYUsl HCaHe CIVIENIK JHCbLLY armMacyovl — Oip yakeimma eckepyoi manan
emedi. Mooenvoe Kopuiay KOHCMPYKYUACIHBIH IWKI HCIHEe CbLpMKbL bemmepinoe UeKapaiblk,
wapmmap Oepineen, OY1 KIUMammoelk Gakmopiap MeH UMapammoly NAUOAIAHY
AHCAROAUNAPBIHBIY ~— 2CepiH  ecenke — anyea  MYMKIHOIK — Oepedi.  Konoykmuemi
JHCHLIYOMKIZTWMIKMI  cunammay Kesinoe Kopuiay KabammapvlHbly JHCbLIYMEXHUKATbIK
CUNAMmMamanapvl Kypoliblc MAamepuaioapbiibly —QU3UKA-MEXAHUKANbIK Kdcuemmepine
catikec Kabwlioanaowl. Tonvlk dicabvlk aya KabamvlHaH MYpamvin Kabam yuiH Mooenboe
KO32AIMAUMbIH ~ 2d3  OpMACbLIHOA&bL  JiCblly — Oepyoi  eckepemin — 9KEUBATEHMMI
JHCHLIYOMKIZTUMIK MIHI KOTOAHBLIAOL. ANl dicendeminemin aya Kabamol Yuin HCoLIy aIMACy
npoyecmepin, OHuIH WiHOe aya ablHbl MeH WeKapanvlk bemmepoily apacvlHoazbl 63apa
apexemmecyOdi cunammay YwiH SHepeus menoeyi Koaoawwliaovl. Homuoicecinoe
KONKabammul KOpulay KYpblIblMbIHA OeliMOeneen Hane CIUKec WeKapanvlk wapmmapmen
MONBIKMBIPLIIZAH — JHCBLLY — MACLIMANOAY — MEHOeVIEepiHiy — JHCUbIHMbIebl  MypiHoei
MAmemMamuKaIvlK Mooenb a3ipneHdi. byn memnepamypanvlk opicmep MeH HCbliy a2blHOAPbIH
KOHCMpPYKYUsi napamempiepi MeH CblpmKbl Opma Hca20allapblHa  Oauiaubicmsl 027
Mooenvoeyee MYMKIHOIK Oepedi. Jlativinoanzan Mmooenb HoOanay, HCblIymMexHUKAIblK
OHMAUNAHOBIPY, dHEPSUSL AYOUMI JiCIHe IJPMYPIL KOpuLay weimoepiniy muimoiniein bazaray
ecenmepinoe UHdCeHepliK ecenmeyiepoe Kon0auwvliyvl Mymkin. Convimen xamap, mMooenvoi
eumapammapowvl aknapammsix mooenvoey (BIM) bazoapnamanvix xewenoepine Oipikmipyee
JiCaHe IHepeusl YHeMOLLIK cepmugbukammay sxcyienepinoe Konoamyea 601aovl. ¥CblHblI2aH
Homuoicenep KYpoliblC KOHCMPYKYUAIAPLIHBIY HCOLIYIIK MIHE3-KYIAKbIH Manoay maciloepi
arcemindipyee Hcone OpHLIKMbL KYPbLIbIC KASUOAMMAPbIH OAMbINY2d bIKNAJL emeoi.

Tyilin ce3aep: mamemamukaivik MoOenb, HCbLIy Oepy, Kon Kabammsl Kopuiay, aya
Kabamol, wapmmuolk Hca20aiap.
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AHHOTaNUsl. B pabome pazpabomana mamemamuyeckas MoOelb Mmenionepeoayu
HAPYIHCHO20 UHHOBAYUOHHO20 O2PANCOEHUS, COOepHCaye20 OOHOBPEMEHHO GEHMUIUPYEMYIO U
He8eHMUIUPYeMYI0 6030VuiHble NpociouKy. Koncmpykmusenas cioxcnocms paccmampueaemou
cucmemul obycnasiusaem HeoOX00UMOCMb 0OHOBPEMEHHO20 YUEMA 6cex MpEX MexaHUu3Mo8
mennonepeoayu: MmMenionpo8oOHOCMU  (KOHOYKMUBHOU menjionepeoayl), KOH8eKyuu u
ayuucmozo mennoobmena. B pazpabomannoii mooenu 3a0anvl 2paHuyHvle YCI08Usl KAK HA
GHYymMpeHHel, MaK U HA HAPYHCHOU HNOBEPXHOCMU 02padxicoaloujeti KOHCMPYKYUU, 4mo
NO360JI51em Y4Umvléamsy GIUAHUE KIUMAMUYECKUX PAKMOPOS U YCI08ULl IKCRIYAMAYUU 30AHUSL.
Ilpu onucanuu KOHOYKMUBHOU menionepeoayu menjiomexHuyeckue XapaKmepucmuku cloég
02padiCOeHUsi NPUHUMAIOMCS 8 COOMBEMCMBUU C  (PUIUKO-MEXAHUUECKUMU C8OUCMEAMU
CMpoumenvHulx Mamepuanos. [na cios, npeocmasiaoue2o coooll NOIHOCMbIO 3AMKHYMYIO
B030YUWIHYIO  NPOCIOUKY, UCNONb3VEMC BEIUYUHA IKEUBAIEHMHOU MenI0NnpO8OOHOCU,
VUUmuvlearowds menionepeoayy 6 HenoOBUNCHOU 2a30601l cpede. B cmyuae eenmunupyemou
NPOCIOUKU 68 MOOeNU UCNONb3YEeMCs YPAGHEHUe IHePeUll, NO360AIoujee ONUCaAms NpoYeccyl
MenioooOMeHa ¢ yyacmuem OBUNCYWe20Cs B030VXd, BKIIUAS B3AUMOOCUCBUEe MEHCOY
NOMOKOM U 2paHUYaAWUMU No8epxXHocmAMU. B pesynemame nocmpoena mamemamudeckas
MoO0enb 8 6ude Habopa YpasHeHull MmenionepeHocd, A0anmupo8aHHbIX K MHO2OCIOUHOU
CMpYKmMype 02paxcoeHusi U CONPOBOHCOAeMbIX COOMBEMCMEYIOUWUMU SPAHUYHBIMU VCIIOBUAMU.
DOmo obecneuusaem 603MONCHOCIL MOUYHO20 MOOEIUPOBAHUS MEMNEePaAmypPHbIX Holell U
MeNnnoBblX NOMOKO8 8 3ABUCUMOCU OM NAPAMEMpPO8 KOHCMPYKYUU U 6HeuwHell cpeobl.
Paspabomannas mooenvb mooicem dblmb UCNONB308AHA NPU UHHCEHEPHBIX PACYEMAX 8 3a0a4ax
NPOEKMUpPOsanus,  MenjiomexHu4eckol  OnmuMu3ayu,  dHepeoayouma U  OYeHKU
appekmusHocmu  paziuunbix ocpaxcoarowux pewenuti. Takdce 603MONCHA UHMeZpayUs
MoOenu 8 NPoCPaMMHbBLE KOMNJLEKCHL OISl UHGOPMAYUOHHO20 Modenuposanus 30anuti (BIM) u
nocneoyioujee  nNpuMeHenue 8  CUCHeMAx — cepmugpurkayuu - dHepeodphhexmusHocmu.
Ilpedcmasnennvle pe3ynomamsl CnocoOCMEYIOM COBEPUIEHCMBOBAHUIO NOOX0008 K AHANU3Y
Menio8o2co N0GedeHUs: CIMpOUMeIbHbIX KOHCIMPYKYULL U PA36Umuio NPUHYUNO8 YCMouyu02o
cmpoumenscmaa.
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oepasicoenue, 6030VUIHAS NPOCTIOUKA, SPAHUYHbBLE YCTOBUSL.
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1 INTRODUCTION

The development of new energy-efficient multilayer building envelope structures is currently
among the most prominent trends at the international level.

To address this issue, the scientific and engineering community is investigating various
innovative structural solutions in the field of external enclosures. The relevance of this direction is
driven by heat losses through building envelopes, where thermal energy consumption can reach up to
40%, simultaneously causing both economic and environmental concerns.

Given that building envelopes play a key role in establishing indoor climatic parameters, it is
feasible to utilize an adaptive structural system, in which a two-channel air layer is proposed as an
innovative solution. This configuration has a positive impact on thermal energy savings during both
the winter and summer seasons. However, due to the technical complexity and the payback of
economic investments — where cost increases reach nearly 50% — the practical implementation of
such systems at the national level in the Republic of Kazakhstan presents certain challenges.

The use of double-skin glass fagades equipped with integrated movable shading devices
significantly enhances the energy performance of buildings, particularly in comparison to opaque
walls. As an adaptive solution for moisture removal in multilayer external enclosures, the
incorporation of ventilated air channels into the envelope structure is feasible, providing high thermal
insulation properties for the panels and resulting in substantial energy savings.

Given the above circumstances, the development of new energy-efficient structures is currently
being pursued actively, employing various research methods ranging from experimental studies to
finite element modeling using modern software platforms.

Accordingly, the objective of this study is to develop a mathematical model of heat transfer
through a new energy-efficient multilayer building envelope with air layers, which will subsequently
enable the application of the developed model in theoretical calculations and engineering analysis.

2 LITERATURE REVIEW

The studies by Xian et al. (2025) and Manzueta et al. (2024) demonstrate that external
building envelope structures account for a significant share of heat loss in buildings, highlighting the
need for new technological solutions.

In the research conducted by Astorqui & Porras-Amores (2017), as well as Dimoudi et al.
(2004), fagade systems with double air chambers are examined, where the movement of air masses is
controlled.

The positive effect of a ventilated air layer in combination with dynamic insulation layers is
also noted by Pasquay (2004), with evidence demonstrating reduced cooling costs for buildings
during warm seasons.

An analysis of the efficiency of double-glazed glass fagades with integrated movable shading
elements is presented in the studies by Baldinelli (2009) and Bessoudo et al. (2010). Such solutions
are capable of enhancing the energy performance of buildings throughout their entire service life.

The studies by Nizovtsev et al. (2020) and Gagliano & Aneli (2020) emphasize the importance
of ventilated channels in multilayer panels, which not only effectively remove moisture but also
maintain stable thermal insulation characteristics under conditions of high humidity.

Mathematical modeling of heat transfer through multilayer structures with air gaps is examined
in the work of Zhangabay et al. (2023), where the efficiency of heat-reflecting screens was analyzed
using the ANSYS software package.

3 MATERIALS AND METHODS

In this study, a model of an energy-efficient external wall structure featuring both ventilated
and non-ventilated air layers has been developed. Traditional calculation methods for determining
heat transfer, as presented in the regulatory document (SP RK 2.04-107-2022), are found to be
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inapplicable due to the presence of an additional enclosed air layer, which serves as a novel structural
solution (SP RK 2.04-107-2022, 2022). Consequently, there is a need for the initial development of
a mathematical model of such a structure for further research.

To achieve this goal, the geometric and thermal characteristics of the studied structure are
presented in Figure 1 and Table 1. Boundary conditions related to indoor microclimate parameters
and external climatic influences may subsequently be adopted in accordance with relevant standards
(SP RK 2.04-01-2017, 2017; GOST 30494-2011, 2011).

Figure 1 — Multilayer structure of the external building envelope

Table 1
Thermal characteristics of the layers of the multilayer external building envelope structure (SP RK
2.04-107-2022, 2022).

Layer Description Density, Thermal Vapor
number kg/m? conductivity permeability,
coefficient, mg/(m-h-Pa)
W/(m-°C)
1 |Cement-sand plaster 1800 0,76 0,09
2 |Masonry of ceramic bricks 1400 0,58 0,14
3 |Extruded polystyrene foam or basalt wool 25 0,03-0,035 0,005
insulation with a density of not less than
110 kg/m?
4  |Enclosed air cavity — — —
5  |Ventilated air cavity — — —
6 |Porcelain stoneware 2800 3,49 0,008
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4 RESULTS AND DISCUSSION

When constructing the mathematical model of heat transfer through the considered multilayer
building envelope structure, the layers are described as homogeneous isotropic media with an
equivalent thermal conductivity. This conductivity accounts for conductive, convective, and radiative
components of heat transfer through the respective layer of the envelope structure. Such an approach
allows the heat transfer problem to be considered in a one-dimensional steady-state formulation.

Let the spatial x-axis be directed from the interior toward the exterior, with the origin placed at
the inner surface of the building envelope. Then, introducing the notation &; for the thickness of the i-
th layer of the envelope structure, the following expressions can be written:

x0=0, xk=zk:6i,xn=zn:8i, (1)
i=1 i=1

For each layer, except for the ventilated air cavity, the one-dimensional linear steady-state heat
conduction equation can be written.
o
kka—zzo, X1 < X< Xy, k:].,...n, (2)
X
At the interface between layers, due to the ideal thermal contact, the conditions describing the
continuity of temperature and heat flux are satisfied:

T 0=Tlo o k=1..n-1, 3)
xkﬁ =}\'k+1g ] k=1,...n_1. (4)
ox x=x, -0 OX X=X, +0

Convective heat exchange between the building envelope and the surrounding air environment
is described by the following boundary conditions:

on the inner surface of the building envelope

166_1 Y = O('int(T|X:0 _Tint)’ (5)

on the outer surface of the building envelope

7\’”2_1 - = Olgy (T|X:Xn —Tex ) (6)

To simplify subsequent expressions, the following notations are introduced:

To = T(0) — temperature at the inner surface of the building envelope;

Tk = T(xi) — temperature at the interface between layers numbered x; and xy+1;

T, = T(x,) — temperature at the outer surface of the building envelope.

The thermal conductivity coefficients for the layers without air cavities are assigned based on
the initial data provided in Table 1.

For a layer consisting entirely of a closed air cavity, the equivalent thermal conductivity value
must be used in equations (2) in place of A«. Let us denote this as A, zi.

Since the equivalent thermal conductivity implies a homogeneous isotropic medium, the heat
flux density in the x-direction can be written as:

:_Kaakg
)
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Due to the one-dimensional nature of the problem and the absence of internal heat sources, the
partial derivative of temperature with respect to the spatial coordinate in expression (7) can be
accurately represented as a finite difference, which allows expression (7) to be rewritten in the
following form:

Tk _Tk—l Tk 1 _Tk

S Y 'S G WS 8
q 9.8.k 8k 2.8.k Sk ( )

On the other hand, when considering the air cavity, the heat flux can be represented as the sum
of two components — conductive-convective and radiative:

q= qx + qa. )

According to Lykov (1978) and Kutateladze (1990), in vertical air cavities between flat
surfaces, conductive-convective heat transfer under natural convection conditions can be adequately
described by mathematical models for stationary layers, using the concept of an effective thermal
conductivity coefficient Ax, which is defined as follows:

A =As at Ra <104,
e = %:0,062-Ra3 at 10% <Ra < 10%, (10)
A = A:0,22-Ra'* at 107 <Ra<10',

S°BAT
gopAT Pr
A%
The values of As, v and Pr expression (10) are taken at the averaged temperature and pressure

within the air cavity.
Thus

where Ra =

oT
= S
0 =—h—

(11)

The radiative component of the heat flux density, according to a number of studies, can be
determined from the corresponding expression (Zhangabay et al., 2023a; Zhangabay et al., 2023b;
Zhangabay et al., 2024).

gn = €60(Ti1* — TH), (12)

Substituting (8), (11), and (12) into (9) and using the same finite difference representation of
the temperature partial derivative for (13) as in (8), we obtain:

T ,-T T ,-T
7\’3.13.k k_18 . =7\‘K L : +800(Tk4—1 _Tk4)9 (13)
k k
from which we obtain
1o =1, + Bi20alTs T (14)

To formulate the mathematical model of heat exchange in the ventilated air cavity, the energy
equation is used, which in the general multidimensional unsteady case can be written as:

cpz—:=xAT+qv, (15)

In the ventilated air cavity, a clearly defined upward airflow is formed, with the absence of local
vortices. Given the negligible viscous effects in the boundary layers near the walls enclosing the
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cavity, the air velocity can be assumed to be uniform across the cross-section of the cavity. Moreover,
since the air temperature changes insignificantly along the flow direction within the cavity, the
compressibility of air can be neglected in the energy equation, and its density can be considered
constant.

Therefore, given that the air mass flow rate is constant, the air velocity can be assumed to be
constant at every point within the ventilated cavity. In this case, by expressing the total time derivative
in equation (15) through partial time derivatives, the one-dimensional steady-state form of the
equation can be written as:

c vg—xﬂJrq
o T e T

(16)

The volumetric density of internal heat sources is defined based on the heat balance of the fluxes
passing through the walls enclosing the cavity: the amount of heat entering an elementary volume of
air in the cavity is equal to the difference between the amount of heat received from the indoor side
and the amount of heat transferred through the outer cladding to the surrounding environment:

SQV = SQint — 8Qext, (17)

For an elementary volume of size dkx0Lx0z (where Ok is the thickness of the cavity, and 6L and
0z are the dimensions of the elementary volume in the horizontal and vertical directions, respectively),
equation (17) can be written as:

qv-SSL7 = o L 82 (Tit — T(2)) — o SL-52 (T(2) — T, (18)

From relation (18), we obtain the expression for the specific volumetric density of internal heat
sources.

A, =%(TH +T, -2T(2)), (19)

k

Since in the considered mathematical model the air velocity in the ventilated air cavity remains
constant with height, and the temperature of the cavity’s bounding walls is assumed to be constant, it
follows from (18) that the air in the cavity heats up uniformly at every point. Consequently, the
temperature distribution 7(z) is a linear function of the vertical coordinate. Therefore, the second
derivative of air temperature with respect to the vertical coordinate is equal to zero, and equation (16),
taking into account (19), can be rewritten as:

dT «
cpV— =—2(T, T —-2T(z 20
P dz 8k(kl+ k ()): (20)

The initial condition for equation (20) is defined based on the fact that at the lowest point of the
air cavity, air inflow occurs, and its temperature is equal to the ambient air temperature:

7(0) = Texs, (21)

The value of the heat transfer coefficient a, can be obtained from well-known empirical
correlations for a flat channel (Lykov, 1978; Kutateladze, 1990; Isachenko, Osipova, and
Sukomel, 1975):

Nu = Nu(Re, Pr), (22)

where Nu = ol/(dk-A).
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The solution of the ordinary differential equation (20) with the initial condition (21) has the

following form:
T.,+T 20 T, +T
T(2) =T, — " —*|-exp| ——z [+ LK. 23
(){m 5 }xp[ SkchJ 5 (23)

The average air temperature in the ventilated cavity can be determined as the mean integral
value over the height:

T, — Tk+1 +Tk

1" 1 ex 2 20
T =_JT(z)dz=— 1-——£4 §,cpv-exp| - —= : 24)
HY H 20, d,CpV

The air temperature at the outlet of the ventilated cavity is obtained from expression (23) at

z=H:
Tout — |:Te><t _ Tk+l +Tk } . eXp _ 20(’11 H + Tk+1 +Tk , (25)
2 8,Cpv 2

The air velocity in the ventilated cavity can be determined based on the balance between the
total pressure losses in the ventilated air cavity and the driving pressure (natural draught), which is
caused by Archimedean forces arising due to the difference in air density within the ventilated cavity
and at its outlet:

Ap° = pe, (26)

Neglecting the pressure losses at the inlet and outlet, equation (26) for a flat vertical slot channel
can be rewritten as:

E(H/28K)pnv*/2 = (pext — pout)gH, (27)

The air density at a given temperature in equation (27) can be obtained from the Clapeyron-
Mendeleev equation:

pi = pil(RTY), (28)

In  which the thermodynamic pressure p; can be taken as 1 atm.
The heat flux balance within the cavity is described by the law of conservation of energy: the amount
of heat entering the ventilated air cavity from the interior side Qi is equal to the sum of the heat
carried away by the ventilation air Qou, the heat transferred by convection from the air cavity to the
outer cladding Qext,, and the heat transferred by radiation from the inner wall of the cavity to the outer
wall Oy :

Qint = Qout + Qext + Qn- (29)

For a unit length oL of the building envelope in the horizontal direction, these quantities can be
expressed as:
Oint = on(Th1 — Tr)-H-8L; Qext = 0 T — Tk)-H-0L; (30)
Qout = v p-8k-8L-C-(Tout — Text); On = &-60-(Ti1* — Ti*)-H-6L.

Substituting (30) into (29), we obtain:
an(Tk—] - TH)'H = an(Tr[ - Tk)'H +v p'8k'C'(T0ut - Text) + 8‘60‘(Tk—14 - Tk4)'H. (31)
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Thus, the mathematical model of the heat transfer phenomenon through the building envelope
is described by the following set of equations:

1. For all layers except the ventilated air cavity, the heat flux is determined by equation (8). In

this case, the thermal conductivity coefficient in equation (8) is either the corresponding
thermophysical property of the material (for a solid layer) or the equivalent thermal conductivity
coefficient calculated using formula (14).

2. Equations (24), (25), (27), (28), and (31) for the ventilated air cavity.

3. Boundary conditions (5), (6).

This mathematical model allows determining the temperature distribution 7% at the interfaces
between layers, the air temperature within the ventilated cavity Ty, the outlet air temperature Tou, and
the air velocity in the ventilated cavity v. The temperature within each layer is found through linear
approximation based on the temperatures 7.

5 CONCLUSIONS

1. A mathematical model of heat transfer in an innovative external envelope structure featuring
both ventilated and non-ventilated air layers has been developed.

2. The proposed model, due to its structural characteristics, takes into account all three modes
of heat transfer: conductive, convective, and radiative.

3. Boundary conditions were defined for both the interior and exterior surfaces of the building
envelope.

4. In modeling conductive heat transfer, the thermal properties were assigned according to the
characteristics of the construction materials. For the layer consisting entirely of a closed air gap, the
model utilizes an equivalent thermal conductivity value, while for the ventilated component of the
envelope, the heat exchange model employs the energy equation.

5. As a result, a set of equations was developed that incorporates the boundary conditions,
enabling accurate description of the external envelope structure and allowing the model to be applied
in future calculation methodologies.
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